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INTRODUCTION

In January 1975, the department of Applied Mathematics of the Mathe-
matical Centre initiated a colloquium on Nonlinear Analysis under super-
vision of H.A. Lauwerier and L.A. Peletier. This book contains the first
part of the proceedings of the lectures of this colloquium. It covers the
lectures of the first quarter of 1975.

When choosing the topics from nonlinear analysis for the colloquium,
the starting point was to give a mathematical introduction for workers in
this field, especially those from applied mathematics, physics, biochemics
and biology. For these workers no much accessible literature is available
and this group needs, apart from the theory, clear examples of applying
nonlinear analysis.

In chapters I, III and V we give such examples in such a way that each
of these chapters can be understood without knowledge of the examples of
the other chapters. Sometimes there is some interaction between them. The
development of the theory is given in chapters II and IV.

Chapter I is of introductory nature. It treats a typical example from
nonlinear analysis. In chapter II the analytic approach to the concept of
topological degree of a continuous mapping f: R > R" is given. Both the
definition and the properties of degree are discussed extensively. The
theory of this chapter is applied on several fixed point theorems. In
chapter III some aspects of the theory of ordinary differential equations
describing chemically reacting systems are considered. The main topics are
the a priori bounds of solutions and the existence and stability of equi-
librium points the latter aspects being considered by using degree theory
developed in chapter II. In chapter IV nonlinear eigenvalue problems are
discussed. The equation is F(x,)) = 0, X € Igl, XA € R. A wide choice of
illustrative examples is given, especially on bifurcation theory and on
stability of solutions. In chapter V an example is given of branching of
a set of periodic solutions from a constant solution of a predator-prey
differential equation describing two interacting populations.

The results and examples in this book are not new. Apart from minor
details all of the contents can be found in the literature.

Thanks to the effort of every member of our department the colloquium
was very succesful. The lectures were prepared in working groups and were

given by



L.A. Peletier (TH Delft) chapter I
T.H. Koornwinder chapter II
N.M. Temme chapter III
O. Diekmann chapter IV
I.G. Sprinkhuizen-Kuyper chapter V.

The pictures were made by G.J.M. Laan.

The second volume in this series on Nonlinear Analysis will contain the
proceedings of lectures on functional analysis, bifurcation theory for
operators on a Banach space, the topological degree of mappings in Banach
spaces, some nonlinear problems from physics, and variational methods for

nonlinear operator equations.

December 1975 N.M. Temme



I. A NONLINEAR EIGENVALUE PROBLEM FROM CHEMICAL ENGINEERING

In this series of lectures the central theme will be the study of
nonlinear eigenvalue problems and, in particular those which are found in
physics, chemistry and biology. By a nonlinear eigenvalue problem we mean

the problem of finding solutions of an equation of the form
(1) F(u,\) = 0.

Here F is some nonlinear operator and A a real or complex valued parameter.

It is well known that the class of such problems for which the solu-
tions can be found explicitly is very small. Thus for quantitative informa-
tion one is very much dependent on numerical computations. However, in
recent years powerful methods have been developed for obtaining information
about the solutions which is qualitative in nature. They enable one to
answer questions such as
(1) does (1) have a solution for a given value of X;

(ii) if it does, how many solutions does it have;

(iii) how does this number vary with A?

Such questions arise quite naturally in the interpretation of numerical
results. This has been an important motivation for their study.

The methods used to answer these questions tend to rely on concepts
and results taken from what is traditionally regarded as the realm of pure
mathematics. Especially, elements of topology and functional anélysis play
a crucial role. In the course of this colloquium therefore, we shall also
devote some time to these mathematical prerequisites. However, throughout
the emphasis will be on the study of specific examples taken from various
branches of science.

As an illustration of the questions we shall be interested in, we con-
sider an example taken from chemical engineering. It involves the simulta-

neous occurrence of a catalytic reaction and mass transfer through diffusion.



We consider a infinite slab of homogeneous, chemically inert material.
On the faces of this slab is situated a catalyst material. Outside the slab,
the reactant is present with a constant and uniform concentration Ce'
This situation is not entirely unrealistic. For instance it is an appro-
priate model for the exhaust filters that the US automotive industry has
been trying out.

Let us choose the x-axis perpendicular to the slab, and position the
origin of coordinates so that the two faces are at x = 0 and x = £. Then
the concentration of the reactant C(x,t) satisfies the differential equa-

tion

—=D— for 0<4&, t>0,

together with the boundary conditions

_ D acC _
Ce -C= X 3% + r(C) for x =0, t >0,
_ D2ac _
C,-C= <ot r(c) for x =4, t > O.

Here the diffusion coefficient D and the coefficient of mass transfer at
the surface K are positive constants. The function r(C) represents the rate
of consumption of the reactant. An appropriate choice for this function
would be

-2
r(Cc) = k1C{1 + k (c/ce)} ,

2
where k1 and k2 are positive constants. Finally, to complete the formulation

of the problem we have to add the concentration profile at t = O:
C(x,0) = Cy(x) for 0 < x < L.

To simplify the statement of the problem we introduce dimensionless
variables x/£, Dt/ﬂz, C/Ce for x,t and C respectively. In the new indepen-
dent variables, which we again call x and t, u = C/Ce satisfies the differ-

ential equation

(2) ut =u.. for 0 < x <1, £t >0
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and the boundary conditions

(3) ux(O,t) + Af(u(0,t) for t > 0,

(4) ux(l,t) - Af(u(l,t)) for t > O,

where A = K&/D is the Nusselt number and
£ = clrcuw + 1
u) =C_ r(Cu u .

We shall assume that the constants k1 and k2 are such that the equation

f(u) =0

<u,. At t =0

has exactly three positive solutions ug with 0 < u, < u, 3

we choose
(5) u(x,0) = ¥(x) for 0 < x < 1.

Thus u must satisfy a linear equation and a pair of nonlinear boundary

conditions. The initial-boundary value problem is therefore a nonlinear one.
To begin with, we would like to investigate the existence and multi-

plicity of equilibrium solutions of this problem for a given value of A.

Let u(x) be such an equilibrium solution. Then it follows from the differ-

ential equation that u"(x) = 0, and hence, that we can write u as
u(x) = p + (1-p) x.

Clearly, u(0) = p and u(l) = g. The boundary conditions are also satisfied

if p and q satisfy the equations

qa-p=+ M),

qg-p - Af(q).

We can write this as

(6) p = FA(u) =u+ AQ), g= Fx(p),



where
FX(U) =u + Af(u).

We observe that (p,q) = (ui,ui), i =1,2,3 are solutions of problem (6)
for all values of A. In fact these are the only symmetric solutions i.e.
solutions for which p = q.

To investigate the existence of asymmetric solutions, we use the
(p,q) plane. In this plane, solutions of (6) correspond to intersections

of the graphs of p =F, (q) and g = Fk(p). Since every asymmetric solution

(E,a) is accompanied bg its dual (&,B) it suffices to consider only the
octant g > p =2 0. If there exists a solution in this octant, it must occur
in the set S = {(p,q) : u; <p<uy, u, <q <}. However, it is clear that
for A sufficiently small, no points of the graph {Fx(q),q): u, < q< u3}
lie in this set. Hence, there exists a o* e (0,v) such that (6) has no asym-
metric solutions for any value of A e(O,o*).

Suppose (p,q) is an asymmetric solution of (6). Then p and q satisfy

the relations

f(q) - £(p)
7 == IR _ 5,
o q-p /
(8) f(p) = - £(q).

Conversely, if p and q satisfy (7) and (8), then (p,q) is a solution of (6).

We shall assume that

f(a) = max f£(uw < | min £(u)]| = -£(B).
[ul,u3] [ul,u3]

Then, since f is strictly decreasing on [uZ,B), there exists a unique

J e (uz,B) such that £ > - f£(a) on [uz,z) and £(W)= £(a).

Thus, to each p € [ul,uzj there corresponds a unique q, (p) € [uz,G] and a
unique Al(p) such that (7) and (8) are satisfied. Similarly, since f is
strictly increasing on (B,u3] there exists a unique u € [B,u3] such that

£ > -f(a) on (G,u3] and f(u) = -f(a). Hence, to each p ¢ ful,uzl there
corresponds a unigue qz(p) € [u,u3] and a unique Az(p) such that (7) and (8)

are satisfied.
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pt u,

Figure 1

REMARK 1. If p ¥ u it follows from (8) that qQ, Y u

1’ 5 and a, 4 us. Hence
by (7) Al - o and A2 > oo,
REMARK 2. If p + Uy, it follows from (8) that q + u, and a, 4 uj. Hence,

by (7) Al - —2/f'(u2) and A

> o

2

REMARK 3. In view of the construction ql(p) < qz(p) for all p € [ul,uz].
Hence, by (7) and (8), Al(p) < Az(p) on [ul,uz].

We observe that for p = u, and A = —2/f'(u2) an equilibrium solution

branches off the solution curvz {(uz,k): A € R}. This phenomenon is called
bifurcation. It is one way in which new solutions can come into existence
when A varies. That it is not the only way is also shown by this example:
at the point (r,r*) two solutions emerge which do not branch off another
solution.

The solutions (u2,—2/f'(u2)) and (r,T*) have in common that their
multiplicities are greater than 1. Solutions with this property can be

found by means of the determinant of the system (6):
] 1 2 L} L] -
Af'(p) + Af'(q) + A E£'(P)Ef' (@) = AS(p,q, ).
For if (p,q) is a solution of (6), then (p,q) has multiplicity > 2 if and

only if 6(5,&,X) = 0. To show this we observe that solutions of (6) are in

one to one correspondence with the roots of the equation



F(q) = f(q) + f(FA(q)) = 0.
Because
F'(q) = £' (@) + f'(FA(q)){l + £'(@)} = 8(p,q,N)

the result follows at once.

For applications it is often important to know whether any of the
equilibrium solutions constructed above are stable. That is, one would
like to know the relationship between the equilibrium solutions and the
solutions u(x,t;¥) of the initial-boundary value problem (2)-(5). In par-
ticular, given an equilibrium solution u(x) = p + (g-p)x, one would like
to know for which functions ¥, u(x,t;¥) > u(x) as t > © uniformly in x.
It is possible to show that if ¥ is close enough to an equilibrium solu-
tion u, for which (A(E),E) belongs to the cross hatched arcs in the (p,A)
plane, then uf(.,t;¥) - u as t > ». Such equilibrium solutions are called
asymptotically stable. The equilibrium solutions corresponding to the re-
maining parts of the graphs in the (p,A) plane are all unstable. The

methods, by which these results are obtained, rely on the maximum principle.

LITERATURE

[1] ARONSON, D.G. & L.A. PELETIER, Global stability of symmetric and
asymmetric concentration profiles in catalyst particles,
Arch. Rat. Mech. Anal. 54 (1974) 175-204.



II. THE TOPOLOGICAL DEGREE OF A MAPPING

In this chapter we shall give an analytic approach to the concept of
degree of a mapping. For an approach using combinatorial topology, which
is closer to Brouwer's original theory, we refer to CRONIN [1]. In order
to understand applications in subsequent chapters it is sufficient to read

subsections 2.1, 2.2, 2.3, section 3 and subsection 4.1.
1. MOTIVATION

Throughout this chapter @ will be an open bounded subset of the n-
dimensional real vector space R" . The closure of Q wil be denoted by @
and 9 will be the boundary of Q. As a concrete example the reader may take
for @ the open unit ball in R". Then 32 is the unit sphere Sn_l.

Let f: @ > R be a continuous mapping and let p € R" be such that
f(x) # p for each x € 3Q, i.e. p € r - £(3Q). It is our aim to get in-

formation about the solutions in @ of the equation
(1.1) f(x) = p.

In general, this is a nonlinear equation which cannot be solved in an ex-
plicit way. However, we shall obtain qualitative information about the so-

lutions of (1.1) by associating with each triple (£,Q2,p) an integer
deg (£,Q,p)
such that the following properties hold.

PROPERTY 1.1. (Homotopy invariance)
Let the mapping (x,t) - ft(x) be continuous from & x [0,1] into R" and let



ft(x) # p if (x,t) e 3@ x [0,1]. Then deg(ft,Q,p) is independent of t.

PROPERTY 1.2. (Boundary value dependence)
If @ and p are fixed then deg(£f,Q,p) is uniquely determined by the restric-
tion of £ to the boundary 3Q.

We shall call deg(f,Q,p) the (topological) degree of the mapping f
with respect to the region @ and the point p. It will be helpful for the
reader to think about two distinct spaces nfl, say X and Y, such that X
includes the domain { of f and Y contains the point p and the range f(Q)
of f.

In our approach a particular class of nice mappings, say a class F,
will be selected such that an arbitrary continuous mapping can be contin-
uously deformed to an element of F. For £ ¢ F a simple analytic definition
of degree will be given. If this definition can be extended to the case of
general f then we know the degree of an arbitrary f by homotopy invariance
(cf. property 1.1). Such an extension will indeed be possible.

It will be proved that equation (1.1) has at least one solution x € @
if deg(£f,9,p) # 0. This theorem may give the reader an idea about the use-
fulness of the concept of degree.

Suppose that f maps @ into . Then the equation
(1.2) f(x) = x,

which can be considered as a special case of (1.1), is of particular impor-
tance. If for each continuous mapping f: § >  equation (1.2) has at least
one solution in {I then { is said to have the fixed point property. We shall
prove the fixed point property for the closed ball (Brouwer's theorem) by
using the concept of degree.

In order to get some feeling about the subject we shall first discuss

the one- and two-dimensional cases.

1.1. THE ONE-DIMENSIONAL CASE

Let @ be the open interval (-1,1). Then Q is the closed interval [-1,1]
and 92 consists of the points -1 and 1. First we prove Brouwer's fixed

point theorem for O = [-1,1].

THEOREM 1.3. Let the function £: [-1,1]1 - [-1,1] be continuous. Then equa-

tion (1.2) has at least one solution in [-1,1].
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PROOF. (Cf. figure 1). Suppose that (1.2) has no solutions for x = *1. Let

g(x) = x - £{x). Then g(-1) < 0 and g(i) > 0. By the intermediate value
theorem g(x) = 0 somewhere on (-1,1). O

Figure 1

Next, let the function f: [-1,1] > IR be continuous and let p ¢ R
such that £(x) # p for x = *1. A first candidate for deg(f,(-1,1),p) might
be the number of solutions of equation (1.1) in the interval (-1,1). How-
ever, this number does not have the property of homotopy invariance. For
instance, the equation x2 + t = 0 has zero, one or two solutions on (-1,1)

according to whether t > 0, t = 0 or -1 < t < 0 (cf. figure 2).

\ :
y=x +t

X N X

$ Y

t>0 t=0 -1<t<0

Figure 2

Let us try another definition of degree. Let F be a class of "nice"
functions consisting of all continuous functions f: [-1,1] > R such that

£( 1) # p and the set f_l(p) of solutions of (1.1) is finite. Note that
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f—l(p) may be empty for f € F. Let f-l(p) consist of k distinct points
xl,...,xk € (-1,1). with each X i=1,...,k, we associate a number oi
which is equal to 1,-1 or O according to whether f is increasing, decreas-

ing or has local extremum in x,. Then we define

(1.3) deg (£, (-1,1),p) =
i

g, .
1

NIo~—ax H

1

In the example of figure 3, o, = -1, o, = 0, o, = 1 and the degree of f is

1 2 3

Zero.

Ty y=£ (x)
:\ p /: y=p
)

I /M !

[ I I I

[ | | |
[ ! I |

+ 1 i | } X

_ —>
1 x1 x2 x3 1
Figure 3

The following result is easily verified.

LEMMA 1.4. Let the degree of £ € F be defined by (1.3). Then deg = 1 Zif
£(-1) - p <0, £(1) - p > 0; deg = -1 Zf £(-1) - p > 0, £(1) - p < 0;
deg = 0 Zf £(-1) - p and £(1) - p have equal signs. In other words

£(-1)

£(1) - -
(1.4) deg(f,(-1,1),p) = i[]?((l—;fg‘r' £(-1) - g[] -

Formula (1.4) gives an extension of definition (1.3) for general con-
tinuous f: [-1,1] - R such that £(1) # p. This definition of degree satis-
fies the properties 1.1 and 1.2. In fact, formula (1.4) is the only possible

extension of the case f ¢ F if property 1.1 is assumed. For proving this let
(1.5) £ =t £(1) + JU-E£(-1D] + (1-0)£(x),

then ft(x) is of the form required in property 1.1. Note that
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£ .=f, fl(X) = J(1+x)£(1) + $(1-x)£(-1), ft(il) = f(£}).

Then f1 e F and £ and f1 must have the same degree by property 1.1.

The boundary values f(-1) and f(1) divide the real line into two or
three intervals (connected components). On each of these components the de-
gree is a constant function of p. However, if p passes a boundary value then
the degree may change. Hence, there is no satisfactory way to define the de-
gree if p is a boundary value of f. Note that the degree is always zero on
the two unbounded components of R - {f(-1),f(1)}. Figure 4 gives one pos-

sible siatuation.

deg = 0 N deg = 1 | deg = 0 P
]
£(-1) £(1)

Figure 4

Finally, in view of generalization to higher dimension, consider con-
tinuous functions f: [-1,1] » R, which are continuously differentiable on
(-1,1). If £(¢1) # p and if £'(x) # 0 for x € £ (p) then.f-l(p) is a finite
set and (1.3) is equivalent with :

(1.6) deg(f,(-1,1),p) = ) sign £'(x).
xef~1(p)

1.2. ANALYTIC FUNCTIONS ON THE DISK

Let Q denote the open unit disk {z e € I lz‘ < 1} in the complex plane
C. Suppose that f is a nonconstant analytic function on the closed unit disk
Q and let p € € such that p ¢ € - £(92). Then f_l(p) = {21""'zk} is a fi-
nite (possibly empty) subset of Q. Let o, be the multiplicity of the zero

oj+1

. J
zj of £ - p, i.e., £(2) - p = c(z—zj)cj + 0(|z - zjl ), ¢ # 0. We define

the degree of f by

(1.7) deg (f,Q,p) =

| 1%

(S
5=t 7
i.e. the number of zeros of £ - p in @ counted by their multiplicities. In
§1.1 we remarked that for a similar definition in the one-dimensional case
property 1.1 does not hold, cf. figure 2. However, in the present case pro-
perty 1.1 is satisfied as long as we restrict ourselves to analytic func-

tions f. In fact, Rouche's theorem (cf. TITCHMARSH [2, §3.42]) implies that
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if g is analytic on @ and if maxzeag|g(z)l <m1nz€aﬂ|f(z) - p] then
deg (£,2,p) = deg(f+g,Q,p). This settles property 1.1 for functions ft(z)
which are analytic in z for each t ¢ [0,1].

Let the degree be defined by (1.7). Using elementary complex analysis

we rewrite (1.7) as

2mi f(z) - p 2mi

(1.8) deg (£,2,p) = =—— Sg _£@ 4, . L §> a log (£(z)-p) =
30 39

1
> § d arg(f(z)-p).
o

Hence the degree only depends on the restriction of £ to the boundary.
Therefore property 1.2 is satisfied.

Formula (1.8) gives a geometric interpretation of degree. It is the
number of times that the image £ (3Q) encircles p. For instance, consider
the example f(z) = 222 + z. In figure 5 it is shown how the degree depends

on p.

deg=0
f(z)=222+z g

—_

an £(39)

Figure 5

1.3. DEGREE THEORY IN ]R2

The last member of (1.8) is a good starting point for extending the de-

finition of degree to the case that f is not analytic. Let Q be the open

2
unit disk {x = (xl,x ) € E@ | (xl)2 + (x2)2 <1} in IR2, let £ = (fl,fz)
be a continuous mapping from § into ]R2 and let p = (p1 ,p2) € IR2 - £(29).
Let the unit circle 3Q be parametrized by x(¢) = (cosé,sin¢), 0 < ¢ < 2m.

It is possible to define the angle arg(f(x(¢))-p) as a continuous function

of ¢ on the interval [0,27] such that
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2 2
tg arg(£(x($))-p) = X)) - p

1 1
£ (x(¢)) - p

We then define the degree as the so-called rotation of £ - p, i.e.,
(1.9) deg (£,2,p) = (2m) L(arg(£(x(2m))-p) - arg(£(x(0))-p)).

If £ is analytic then (1.9) is equivalent with (1.8). Geometrically, the
degree as defined by (1.9) denotes the number of times that the image f(3Q)
encircles p, where an anticlockwise rotation is counted positively and a
clockwise rotation negatively. An example is given in figure 6. Again, pro-

perties 1.1 and 1.2 easily follow from (1.9).

0
af

Figure 6

THEOREM 1.5. (Brouwer's theorem far:mz)
Let Q be the open unit disk in B and let the mapping £: @ > @ be contin-

uous. Then the equation f(x) = x has at least one solution in Q.

]

PROOF. Suppose that f has no fixed points in {. Let g(x) x - f(x). Then

g has no zeros in Q. Define for 0 < t < 1
gt(x) =x - (1-t)f(x).

g((1-t)|x1'1x) if 1 -t < |x| <1,

ht(x)

[
I
15

g(x) if |x| <

Then both gt(x) and ht(x) are continuous in (x,t) ¢ & x [0,1] and
gt(x) # 0 # ht(x) if x € 3. Note that 99 =9 = hO' gl(x) = x, hl(x) = g(0).

The degrees of 9, and h, for p = 0 follow from (1.9). Property 1.1 gives

1



14

1= deg(gl,Q,O) = deg(g,,0) = deg(hl,Q,O) = 0. This is a contradiction. 0

If £f: Q > Eg is continuously differentiable on the closed unit disk @,

then (1.9) can be rewritten as an integral over 3Q. We have

1 1

1 f2— 2
(1.10) deg (£,2,p) = 5 3€ a arctg( E ) =
39 £-p

1

~ ng (el-phae? - (£2-p2as
- 2
N lf - P‘

Let us finally try to extend (1.7) to the case that f is not analytic.
Denote the determinant of the Jacobian of a differentiable mapping
(xl,xz) - (fl,fz) by Jf(x). Suppose that f£(z) is analytic and write
f(z) = f(x1+ix2) = fl(xl,xz) + if2(x1,x2). Then by the Cauchy-Riemann
equations Jf(x) = If'(x1+ix2)|2. Hence, if z = x1 + ix2 is a simple root
of £(z) - p then Jf(x) > 0 for ; = (xl,xz).

Suppose now that £: @ + R™ is continuous on Q and continuously dif-
ferentiable on 2, let p € 1R2 - £(9Q) and let f-l(p) be a (possibly empty)

finite set on which Jf(x) is non-zero. Then we define

(1.11) deg(£,2,p) = ) sign J_(x).
=1 £
xef™ (p)
Formula (1.11) reduces to (1.7) if £ is analytic and £ - p has simple roots.
However, if f is not analytic then Jf(x) may also have negative sign. For-
mula (1.11) is the two-dimensional analogue of (1.6). It can be proved that
(1.11) is consistent with (1.9) and (1.10).
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2. DEFINITION OF THE DEGREE deg(f,Q,p) IN EP

The definition of degree by analytic methods goes back to NAGUMO [3]
and HEINZ [4]. Recent presentations of this theory are given by SCHWARTZ
[5, chap. 3], BERGER & BERGER [6, chap. 2], FUCIK, NECAS, SOUCEK & SOUCEK
[7, chap. 1], NIRENBERG [8, chap. 1] and DEIMLING [9, chap. 2]. NIRENBERG

[8] and SCHWARTZ [5] will be our main references in this section.

~ Let @ be an open bounded subset of I§1. Let £: & > R” be a continuous
- n
mapping, i.e. £ € C(Q). Let p ¢ R - £(3Q). We shall define the degree
deg (f,2,p) in three stages. Some rather technical proofs will be postponed

to an appendix at the end of this section.

2.1. FIRST STAGE: CONTINUOUSLY DIFFERENTIABLE FUNCTIONS f AND REGULAR
VALUES p

. Suppose that f € C({) and that for x ¢ Q all partial derivatives

At (x)
axJ

X € Q let Jf(x) denote the determinant of the Jacobian matrix

exist and are continuous. Then we shall write f € C(Q) n Cl(Q). For

3£ (x) 3£t (%)
Bxl an
™ (x) £ (%)
Bxl an

We introduce the following sets associated with the mapping f.

DEFINITION 2.1.

(a) 2 ={x e Q| J.(x) = 0} is the set of critical points of f.
(b) @ - Z is the set of regular points of f.

(c) £(2) is the set of eritical values of f.

(@ ®’" - £(2) is the set of regular values of f.
gu

LEMMA 2.2. (Implicit function theorem, special case)
Let x € Q be a regular point of £. Then there is a neighborhood U < Q of x
such that £ is a homeomorphic mapping from U onto £(U) and the mapping

£L £(U) > U Zs continuously differentiable.
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LEMMA 2.3. Let p € R - £(3Q) - £(2). Then £ (p) s a finite (possibly
empty) subset of Q.

PROOF. The set f_l(p) is a closed subset of the compact set {. Hence f_l(p)
is compact. Since f_l(p) consists of regular points of £ it is by lemma 2.2

a discrete subset of Q. Any compact discrete set is finite. ]

After these preparations we can give the first stage of the definition

of degree.
DEFINITION 2.4. Let £ e C(®) n ct (@) and p ¢ R® - £(3Q) - £(2). Then

(2.1) deg (£,92,p) = Z sign Jf(x).
xef'l(p)

This definition is the n-dimensional analogue of (1.6) and (1.11).

Note that deg(f,Q,p) is integer-valued. Consider as an example the mapping

£ in figure 7.

C
f

— A B

D
F -
E LE\. £(Q)

Figure 7
Then for the degree of f£ we have
2
p in JA| B, C, D ,E F | R - £(Q)
GegE,p, ) =1 112011 Tal-1! 0

Table 1
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In subsection 2.2 and 2.3 we shall extend definition 2.4 to the case
that £ € C() and p € nfl - £(9R), such that deg(f,Q,p) is continuous in
f and p (continuity in f with respect to the uniform topology for C(2)).
The possibility of such an extension has to be proved. However, the two

following lemmas show that there exists at most one such extension.

LEMMA 2.5. (SARD)
Let £ € C(@) n Cl(Q). Then the subset £(z) of R has Lebesgue measure zero.

This lemma will be proved in §2.4. It follows that f(Z) cannot have in-
terior points. The set ®Y - £(30) is open. Hence, if p € £(2) and p ¢ £(3Q)
then each neighborhood of p has nonempty intersection with r" - £(3Q) - £(2z).

LEMMA 2.6. Let £ € C(Q). For each € > O there is a mapping g € C(Q) n Cl(Q)
such that max |£(x) - g(x)| < e.
xef
It will be useful to rewrite the right-hand side of (2.1) as an inte-

gral.

LEMMA 2.7. Let £ e C(@) n C (@) and p ¢ B - £(3Q) - £(2). Let deg(£,2,p)
be defined by (2.1). Then there exists a positive number r such that for
each contimious function y: R - R which vanishes on

{y e R" | ly- pl >r} and which satisfies f]Rn V(y)dy = 1 the following
holds:

(2.2) deg (£,Q,p) = J w(f(x))Jf(x)dx.
Q
PROOF. First suppose that p ¢ £(Q). Then f—l(p) is empty and deg(f,Q,p) = O
by (2.1). Since © is compact, £(Q) is compact and r" - £(Q) is open. Choose
r > 0 such that |y - p| > r for each y € £(%). If ¢(y) = 0 for |y - pl > r
then YP(£(x)) = 0 for x € Q. Hence the right-hand side of (2.2) also vanishes.
Next suppose that p ¢ £(2). Let f—l(p) consist of the points X)X

gt

(k>0) . By lemma 2.2 there are disjoint neighborhoods Ul’U2”"’Uk of

, respectively, such that Ui c @, Jg(x) has constant sign on

-1
f» Ui are one-to-one and

Xy

Xy Xgoeeoa Xy

each Ui,_and the mappings Ui g-f(Ui) and f(Ui)
continuously differentiable. Let UO =Q - U1 - U2 - .. - Uk‘ Then U0 and
f(UO) are compact and p ¢ f(Uo). Now we can choose r > 0 such that the set
w={y e B | |y - pl < 2r} is included in (]Rn—f(Uo)) nE(U) N E(U,) N ...

oo N E(U). Let V, = £l n U, i=1,...,k. Then £ (W) is the disjoint
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union of the open sets Vl""’vk and xi € Vi, cf. figure 8. Let y: nf‘ > IR

be continuous such that Y(y) = 0 if |y - p| > r and let fxﬂl Y(y)dy = 1.
Then

k
fo(x))Jf(x)dx VEE) T (x)dx = ] f V£ (x)) T (x)ax
i=1

Q £-1(w) vV,
1
k
121 (sign I (x,)) [ VER) 13| ax =

v,
i

k
( 2 sign Jf(xi)> f Y(y)dy =

i=1 W
= deg (f,,p) { Y(y)dy = deg(£,2,p). O
]Rn
v
V2 1
W
£
—
V3
Figure 8

2.2. SECOND STATE: EXTENSION TO CRITICAL VALUES p

Suppose again that £ ¢ C(Q) n Cl(Q). It will turn out that formula (2.2)
holds for continuous functions ¥ with larger support than required in lemma
2.7. We need the following lemma, which will be proved in §2.4.

LEMMA 2.8. Let K be an open cube {y € r® | Iyi - yé| <a,i=1,...,n}
such that ¥ ¢ R™ - £(39). Let ¥: R > R be a continuous function vanish-
ing outside K and let J']Rn VY(y)dy = 0. Then

(2.3) J V(E(x))I (x)ax = O.
Q
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Lemmas 2.8 and 2.7 immediately imply:

COROLLARY 2.9. Let K ¢ TR be an open cube such that K < r" - £(3Q). Then
for all continuous functions ¥: R -+ R vanishing outside K and such that

f]Rn v(y)dy = 1 the integral

J W(f(x))Jf(X)dx

Q
has the same value. In particular, if p € K n (R" -£(2)) then this integral
8 equal to deg(f,Q,p).

Figure 9

It follows that deg(f,Q,p) has the same value for all regular values p
in any open cube with closure in rR - £(3R). It is now obvious how to ex-

tend the definition of degree to critical values p ¢ r" - £(23Q) .

DEFINITION 2.10. Let £ ¢ C(J) n C (2) and p ¢ R - £(392). Let K ¢ R be

an open cube such that p ¢ K and K ¢ R" - £(3Q). Let g € K - £(2) and let
deg(f,2,q) be given by (2.1). Then we define

deg (£,9,p) = deg(f,2,q).

This definition is independent of the choice of K and q and it is con-
sistent with definition 2.4. It follows that deg(f,Q,p) is a locally con-
stant integer-valued function of p on Rp - £(3Q). Clearly, deg(f,Q,p) is
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continuous in p.

COROLLARY 2.11. Let £ € C(R) n C1 (R). Then deg(f,R,p) is a constant func-—
tion of p on each connected component of R - £(3Q). In particular,

deg(£,Q,p) = 0 on the unbounded connected component of ’rY - £(39).

If V is a connected component of R - £(3Q) and if p € V then we may
write deg(f,Q,V) instead of deg(f,Q,p). NIRENBERG [8, theorem 1.5.5] proved

the following integral representation for deg(f,Q,V).

THEOREM 2.12. Let £ ¢ c(§) n cl(Q) and let v be a connected component of
R - £(30). Let ¥: ®® -~ R be a continuous function with compact support

in V and let f]Rn v(y)dy = 1. Then

(2.4) deg (£,9,V) = J w(f(x))Jf(x)dx.
Q

A proof will be given in §2.4.

2.3. THIRD STAGE: EXTENSION TO CONTINUOUS FUNCTIONS £

In §2.2 we proved that deg(f,Q,p) is a locally constant function of p.
We shall now prove that, in a certain sense, deg(f,Q,p) is a locally con-

stant function of f.

LEMMA 2.13. Let £ ,f, ¢ c() n . Define for 0 < t <1
<

£, o= tf, + (1-t)f,. Suppose that p ¢ ft(aﬂ) Zf 0 <t

is independent of t.

1. Then deg(ft,ﬂ,p)

PROOF. Since the mapping (x,t) > ft(x) is continuous and the set 3Q x [0,1]
is compact, the set {ft(x) | x € 92, 0 < t < 1} is also compact. Hence,
there is an open cube K such that p € K and Rec® - ft(BQ) for all

t € [0,1]. Choose a continuous function y: R®R" > R with support in K such

that .J']:Rn Y(y)dy = 1. Then

(2.5) deg(f,_,0,p) = PE, (%)) (8T, (X)+(1-t)T_ (x))dx.
t t £ £
1 0
Q
Since the function (x,t) - w(ft(x)) is uniformly continuous on the compact
set § x [0,1], the right-hand side of (2.5) is continuous in t. Finally,
since deg(ft,ﬂ,p) is integer-valued and continuous in t, it must be inde-

pendent of t. [
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COROLLARY 2.14. Let p ¢ R". Let V be a comvex subset of c(d) such that
£ 7

n 4 (230Y fo ~ £

e ¢ £(2Q) for each V. Then

~
€ Ve nen

£evnc.

We are now able to give the third and final stage of the definition of

degree.

DEFINITION 2.15. Let £ ¢ C(R) and p € R" - £(3Q). Choose r > 0 such that

ly - pl > r for y € £(3Q). Let

V=1{gec@® | max lgx) - £(x)| <r}.
XeN

Choose g € V n Cl(Q). Let deg(g,Q,p) be given by definition 2.10. Then we

define

deg (£,Q,p) = deg(qg,Q,p).

This definition is independent of the choice of r and g and it is con-
sistent with definition 2.10. The degree deg(f,Q,p) considered as a func-
tion of £ € C(R) is integer-valued and locally constant with respect to the

uniform topology on C(f).

2.4. APPENDIX

In this subsection proofs will be given for lemma 2.5, lemma 2.8 and

theorem 2.12.

PROOF OF LEMMA 2.5. Since Q is a countable union of closed cubes it suffices

to consider a closed cube KO c @ and to prove that f(KOnZ) has Lebesgue

measure zero. Suppose that K  has length 2. Let

0

n i 2\3

me max () (2E00))
xsKO i,j=1 ax

Let € > 0. Choose § such that

( Pt _ateVE
1,551\ axd ax?

-
if X,y € X and |x - y| < 8. Choose a natural number N such that n?N 12 < 8.

0

Subdivide the cube Kointo N equal pieces by dividing each edge into N

pieces. Consider a closed subcube K obtained in this way. Suppose that K
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contains a critical point Xq- Then there is an orthogonal transformation
T: R > R® such that if T o £ = g then grad gn(xo) = 0. For each x € K

there are points 51,52,...,£n on the segment connecting x with X, such that

g (x) - g (x,) = (grad gl(gi) 1x=%0) s i=1,...,n.

Hence

. s l -
]gl(xl - gl(xo)l < Mn®N 12, i=1,...,n -1,

Lo
g™ (x) - gn(xo)] < en?N L4,

Thus the measure of £(X) is less than eMn_12nnn/2lnN_n and the measure of

n-1._n n/2£n

f(KonZ) is less than eM "2'n . Since € is arbitrary, it follows that

£(K,N2z) has measure zero. 0
Next we shall prove lemma 2.8. Some further lemmas will be needed.

LEMMA 2.16. Let K be a closed cube in R . Let y: R’ > R be a Cl—function
with support in K such that .f]Rn v(y)dy = 0. Then there exists a Cl-mapping
v: RS » R" with support in X such that div v = y.

PROOF. The proof is by induction on the dimension n. When n = 1, the func-
tion v(y) = fgm VP(s)ds satisfies the conditions. Now suppose the lemma is

true in n dimensions. We want to prove it in n + 1 dimensions. Without
losing generality we may suppose that K = K , = {y € ngrkl | lyll
i=1,...,n+ 1}. Let Kn={yeIRn | Iy71 <1, i=1,...,n}. Let

P ]£r+1 - IR be of class C1 with support in Kn+

<1,

, such that f]Rm'l Y (y)dy =0.

Define a Cl—function ¢: R® + R with support in Kn by

©
o(y) = J Yy, t)at, y € R
-
Then fnul ¢(y)dy = 0. By induction there is T Cl—mapping u: R® » R with
support in Kn such that div u = ¢. Choose a C -function t: IR > IR with sup-

port in [-1,1] such that ITW T(t)dt = 1. Then

o

[ W(y,t) - ¢(y)t(t))dt = 0, y € R".
s 1 . n+1 n+1 . .
Define a C -function v : R > IR with support in Kn+1 by
t

Vn+1(y.t) = J (Y(y,s) - ¢(y)t(s))ds, (y,t) € R x R.

~00
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Then
~ D+l o n o .
7 g 1
S = V) - TR = Yy, - ] 7 @ (T ..
i=1 3y
By putting vl(y,t) = ul(y)t(t), i=1,...,n, the mapping v = (vl,...,vn+1)

satisfies the conditions. O

If f: @ > R is a Cl—mapping then let J;J(x) denote the cofactor cor-
9fl (x)

responding to the (i,j)-th entry in the Jaccbian matrix (———). The formula
. 9x
n 2
3f -
(2.6) y iik)- I ) = 8T (%)
k=1 9x

is a standard result from linear algebra. We also have the following result.

LEMMA 2.17. If f: Q - R is a cz—mapping then

n 8Ji_'k(x)
(2.7) ) ——=0, i=1,...,n.

PROOF. Fix i and write g = (-1)1_1(f1,...,91,...,fn), where A denotes an ab-

sent element. Then

. A
J;k(x) = (-nk 1det{a—91,...,—39];,...,3—‘-;}.
x 9x ox
Hence
n BJik(x) 2
£ k-1 3g g 3y g
L —5—= 1 (D aeti Sy =
=1 9x k#% ox 9xX 0x ox
-3 (—1)k+2_2det{ akg T 31,..., 33,..., aAk,..., Bgn} +
2<k 9% 9x 9Ox ox 9x 4
k+2-3 3°%g 9 3y 4 3g
+ ) (-1) det{— z'JT'"" R Ty
2>k 9xX 9x 0OX X 90X 9x
= 0. I:l

LEMMA 2.18. Let K, ¥ and v be as in lemma 2.16. Let £: O - R be of class
C@ n c?(Q). Let K ¢ R® - £(3Q). Then there is a Cl-mapping u: B - R
with compact support in Q such that

w(f(x))Jf(x) = div u(x), X € Q.
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PROOF. Define for i = 1,...,n

n .

b v e atteo ifxeaq,
i k=1

u (x) =

0 if x ¢ Q.

Then the mapping u: ﬂf‘ g H{l is of class C1 with support in the compact
set f—l(K) c Q. Using (2.6) and (2.7) we have

x 3 .
div u(x) = [—_3" éy)] L K+
ik,e=1 Ay y=£f(x) 93x
n agki (x)
) FEm) —E—— - [aiv vy ] e 0%e 0O =
i,k=1 ax* y=rix
= VEE)T ) u|

REMARK 2.19. Lemmas 2.16 and 2.18 can also be formulated in terms of dif-
ferential forms, cf. NIRENBERG [8, §1.3]. Consider a differential n-form
U= wfy)dy—l...dyn and a differential (n-1)-form w = EZ=1 (—l)i_lvi(y)dyl...
...dgl...dyn. Then p = dw if and only if Y(y) = div v(y). Lemma 2.16 states
that if u is of class C1 with support in K then there exists a (n-1)-form

w with support in K such that p = dw. The Czﬂnapping f£: @ > R” induces a

mapping f* from differential forms on R to differential forms on Q. Lemma

2.18 is equivalent with the statement that f*(dw) = d(f*w).
LEMMA 2.20. Let u: R + R be mapping with compact support in Q. Then

f div u(x)dx = 0.
Q
PROOF. Apply Stokes' theorem. [J

Lemmas 2.16, 2.18 and 2.20 together imply:

COROLLARY 2.21. Lemma 2.8 ig valid if ¢ s a cl—function and
£ec@ ncl@.

PROOF OF LEMMA 2.8. Let the mapping f € C(Q) n Cl(Q), the open cube K and

. : . n
the continuous function y be as in lemma 2.8. Let K. be an open cube in R

0
such that K c Ky < EO c R" - £(32). Let U be an open set in Q such that

f-l(io) € UcUec Q. It is possible to choose a mapping g € C(2) n C2(Q)
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and a C'-function ¢ such that c® -g(), g (io) c U, ¢ has support

n
LI r A s\ a__ n P | ——e el 2l Lle o v e~ ol A AanA +ha
in KO r J R [0 (y) ay = U, anda sucn uiac the C (IR y-norm of \{'f = ¥ auld uic

(€@ n cl(u))-norm of £ - g are arbitrarily small, cf. for instance
DEIMLING [9, p.25, Satz 2]. Now we have

f w(f(x))Jf(x)dx
Q

(W(f(x)) - w(g(X)))Jf(x)dx +

+

¢(g(x))(Jf(x) - Jg(x))dx + f ¢(g(x))Jg(x)dx.
Q
The last term of the right-hand side is zero by corollary 2.21 and the other

U

+ J W(g(x)) - ¢(g(x)))Jf(x)dx +
U
U

terms can be made arbitrarily small. Hence the left-hand side is zero. [

PROOF OF THEOREM 2.12. The open set V can be written as a countable union

of open cubes Ka' such that each y € V has a neighborhood which intersects
only finitely many of these cubes. For each cube Ka choose a continuous
function ¢a: R® > R with support in Ra such that ¢a(y) >0 if y e_Ka. Let
Xa(y) = ¢a(y)/(28¢6(y)). Then Xo? V > IR is well-defined, continuous and
with support in Ka; Furthermore Eaxa(y) =1, vy € V (partition of unity). It
follows from corollary 2.9 that

J ¢(f(x))xa(f(x))Jf(x)dx = deg (£,Q,V) f w(y)Xa(y)dy.
Q v

Summation over o then gives formula (2.4). 0
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3. PROPERTIES OF THE DEGREE

Let again 2 be an open bounded subset of I{E let £: Q > r" be contin-
uous and let p € R’ - £(30). Let deg(f,,p) be defined by definition 2.15.
For g € C() let lgl = maﬁ |g(x)|. In this section we shall state some
properties of the degre:f In order to prove these properties the following

proposition will be useful.

PROPOSITION 3.1. Let 0 < r < dist(p,£(3Q)). Let V = {g ¢ c(®) | l£f-gl < r}.

Then deg(g,Q,p) = deg(f,Q,p) for each g € V and there exists g € V n CI(Q)

such that p is a regular value of g.

PROOF. The first part of the proposition follows from corollary 2.14 and
definition 2.15. To prove the second part we can choose h € V n Cl(Q) such
that lh - £l < {r (cf. lemma 2.6). Then by lemma 2.5 there is a regular
value g of h such that ]q - pl < {r. The mapping g = h + p - q satisfies

the conditions of the proposition. [J

Several properties of degree will follow by first approximating f by
a mapping g as in proposition 3.1 and then applying formula (2.1). For in-

stance, we can prove in this way that
(3.1) deg(£,Q,p) = deg(f-p,,0).

The following important theorem can also be proved by this method.

THEOREM 3.2.
(a) If £ Y (p) is empty then deg(f,2,p) = O.
(b) If deg(f,Q,p) # 0 then £(x) = p has at least one solution in Q.

-1 -,
PROOF of (a). Let £ (p) = @#. Choose g € C(R) n Cl(Q) such that
lg - £l < dist(p,£({)) and p is a regular value of g. Then g—l(p) = @ and

deg(g,9,p) = 0 by (2.1). Hence deg(f,Q,p) = 0. [

Proposition 3.1 and formula (3.1) together imply that deg(f,Q,p) is
a locally constant function of p. Hence, corollary 2.11 is valid for each

fecC(@®.
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each connected component of R -
-1

THEOREM 3.3. Let £ e C(R). Then deg(f,Q,p) is a constant function of p on
£

R (3Q) . If V s such a component contain—

ing a point p for which £ ~(p) = @ then deg(£f,9,V) = 0. In particular,
deg(£,Q,V) = 0 ©f V Zs the unbounded component of R" - £(39).

The first part of proposition 3.1 is equivalent with:

THEOREM 3.4. (Homotopy invariance)
Let the mapping (x,t) - ft(X) be contimuous from Q@ x [0,1] into R and let
ft(x) # p tf (x,t) € 3Q x [0,1]. Then deg(ft,Q,p) 18 independent of t.

For linear mappings f formula (2.1) reduces to:

THEOREM 3.5. Let A: R > R be a nonsingular linear transformation, let
be R, £(x) = Ax + b and p € £(Q). Then deg(f,Q,p) = sign det A.

The two following theorems describe the dependence of the degree on

the domain Q.

THEOREM 3.6. (Excision property)
Let p & £(3Q), let K be a closed subset of Q@ and let p & £(X). Then

deg (f,2,p) = deg(f,Q-K,p)

PROOF. Let p § £(K) U £(3Q). Choose q € C() n cl (@) such that
lg - £l < dist(p,£(K) U £(3R)) and p is a regular value of g. Then by

(2.1) and proposition 3.1 we have

deg (£,2,p) = deg(g,2,p) = ) . sign J_(x) =
xeg ~ (p)
= 7 sign J (x) = deg(g,N-K,p) = deg(£f,02-K,p).
xeg-I(p)-K g

0
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THEOREM 3.7. (Domain decomposition)
Let p & £(3Q). If Q Zs a countable union of disjoint open sets Qj then

(3.2) deg (£,Q,p) = ). deg (£,9,,p) -
b

On the right only a finite rvumber of terms are nonzero.

PROOF. First we prove that p ¢ Bﬂj for each j. Suppose that p € BQk for
some k. Then p € &, p ¢ 3R, so p € Q. Hence p ¢ Ql for some 2, £ # k. It

follows that p € BQk is an interior point of § Hence Qk n Q2 # @. This

is a contradiction. :
Next choose g ¢ C(R) n Cl(Q) such that g - £l < dist(p,£(3R)) and p

is a regular value of g. Then deg(f,Q,p) = deg(g,Q,p) and deg(f,Qj,p) =

= deg(g,Qj,p) for each j. Since g—l(p) is a finite set, deg(g,Qj,p) =0

for all but finitely many values of j. Finally, (2.1) implies (3.2) with

f replaced by g. Therefore (3.2) also holds for f. ]

REMARK 3.8. The reader may verify that theorems 3.4, 3.5, 3.6, 3.7 together
imply definition 2.4 and that theorem 3.4 and definition 2.4 together imply
definition 2.15. Hence, the degree is completely characterized by theorems

3.4, 3.5, 3.6 and 3.7.

THEOREM 3.9. (Boundary value dependence)
For fixed Q and p the degree deg(f,Q,p) s completely determined by the
restriction of £ to 0.

PROOF. Let f_,f, e C(R). Suppose that fo(x) = fl(x) for x € 3N. Let

0’1
p ¢ fO(BQ). Define ft = tf1 + (1-t)f0. Then fo = ft = f1 on 3Q. Theorem 3.4

implies that

deg(fO,Q,p) = deg(fl,ﬂ,p). ]

REMARK 3.10. It follows from the TZetze extension theorem (cf. for instance
SIMMONS [10, §28]) and from the compactness of 3Q that each continuous map-
ping h: 3R - R has a continuous extension £ to {. This observation to-
gether with theorem 3.9 makes it possible to define the degree deg(h,93Q,p)
if h: 32 > R is a continuous mapping and p ¢ h(dQ). Choose any contin-

uous extension f of h on § and define deg (h,3Q,p) = deg(£,Q,p).

Theorem 3.4 already holds for homotopy equivalence on the boundary.
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THEOREM 3.11. Let £405,: Q> R® be continuous mappings. Suppose that
there exist mappings £ _: 3Q > R', 0 < t < 1, such that the mapping
(x,t) > £ (x) 18 continuous from 39 x [0,1] into R and f.(x) #p if
(x,t) € 3Q x [0,1]. Then deg(fo,Q,p) = deg(fl,Q,p).

PROOF. The mapping (x,t) - ft(x) is continuous on the compact set
(@ x {0}) u (30 x [0,11) u (2 x {1}). By the Tietze extension theorem it
has a continuous extension on § x [0,1]. Application of theorem 3.4 com-

pletes the proof. O
Finally we define the index of an isolated solution of £(x) = p.

DEFINITION 3.12. Let f: § ~ R" be continuous. Let p ¢ R'. If x € £ is an

isolated point of f_l(p) then define the Zndex of f relative to p at the
point x by

(3.3) ind(f,x,p) = éleg(f.Br (x) ,p),

where Br(x) is an open ball of radius r around x such that Br(x) c @ and
£ ) n B (0 = (x.

Theorem 3.6 guarantees that this definition does not depend on the

choice of r.

THEOREM 3.13. Let £ ¢ C(R) n cl@) and pe R'. If x € @ is an isolated
point of £t (p) and if J.(x) #0 then

(3.4) ind(f,x,p) = sign J_(x) = -1V,

where v 1s the sum of the algebraic multiplicities of the real negative
eigemvalues of the Jacobian of £ in x.

PROOF. The first equality follows from (2.1) and (3.3). Let xl,xz,...,xn
be the eigenvalues of the Jacobian of f in x. Then Jf(x) = AIXZ...AH. The
nonreal factors occur in complex conjugate pairs. Hence only the real nega-

tive factors contribute to the sign. 0

Note that if Jf(X) = 0 then the index of f at x can assume integral

values different from -1 or 1.



I~
®
o
+h
m

c@. If £ ¢

(3.5) deg (£,92,p) = ) ind (f,x,p).
xef~1 (p)

-1 R
PROOF. Let £ " (p) = {xl'XZ""'xk}' Choose disjoint open balls Brj(xj) cQ,
j=1,...,k. Application of theorems 3.6 and 3.7 gives

k
B (X.),p) ) deg(f,B_ (x,)p) =
S I 5=1 5

=

deg (£,2,p) = deg(f,
3

z ind(£f,x,p) . O
xef~1 (p)

1
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4. SOME APPLICATIONS TO NONLINEAR EQUATIONS

In this section we shall discuss Brouwer's fixed point theorem, a
theorem about the surjectivity of a mapping, and the existence of eigenvalues
for certain nonlinear mappings. The homotopy invariance theorems 3.4 and
3.11 will be the main tools for proving these theorems. Throughout, the
reader may consult the references [5] - [9]. In addition, SMART [11,

chaps. 2 and 10] is a good reference for fixed point theorems.

4.1. BROUWER'S FIXED POINT THEOREM

Let Bn denote the closed unit ball in ]gl and let Sn—1 = BBn be the

unit sphere in R" . Remember that a topological space X has the fixed point
property if for each continuous mapping f: X > X there exists a (fixed)

point x in X such that f(x) = x.

THEOREM 4.1. (BROUWER)
The closed unit ball B" has the fized point property.

PROOF. Suppose that f: B" > B" is continuous without fixed points. Let
g(x) = x - £(x). Then the equation g(x) = 0 has no solutions. Define
gt(x) =x - (1-t)f(x). Then (x,t) - gt(x) is continuous from B" x [0,1]
into R", 9y =9, 9y = id and g, (x) # 0 if (x,t) € Sn_1 x [0,1]. Applica-

tion of theorems 3.2, 3.4 and 3.5 gives

1

0 = deg(g,B"-s""1,0) = deg(id,B"-s""1,0) = 1.

This is a contradiction. 0

Without using any degree theory it can easily be proved that the fol-

lowing two propositions are equivalent with theorem 4.1.

1

PROPOSITION 4.2. (s® ' is not contractible)

There does not exist a contiruous mapping (x,t) - ft(x) from Sn_1 x [0,1]

to Sn_l such that £, is the identity mapping and £, maps Sn-l onto one

point.

1

PROPOSITION 4.3. (S" ' is not a retract of B")

There does not exist a comtimious mapping g: B - " such that gl

sn-1
is the identity mapping.
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PROOF that proposition 4.3 implies theorem 4.1.

Suppose that f: B" » B" is a continuous mapping without fixed points. Then
for each x € B there exists a unique real number t = 1 such that the point
tx + (1-t)f(x) lies in Sn_l. Denote this point by g(x). Then the mapping

1 = id. O

n -—
g: B > s" ! is continuous and g gn-

It is left to the reader to prove that theorem 4.1 implies proposi-
tion 4.3 and that propositions 4.2 and 4.3 imply each other.
It is evident from theorem 4.1 that each topological space which is

homeomorphic with Bn, has the fixed point property.

LEMMA 4.4. Any nonempty compact convex subset K of R is homeomorphic

. m
with some B , m < n.

SKETCH OF THE PROOF. (See KANTOROVICH & AKILOV [12, p.638] for the details).

Without losing generality we may suppose that O ¢ K and that R" is the

linear span of K. Then, by the convexity of K, the interior of K is open.
Let the point O be in the interior of K. Now it is possible to define the
Minkowski functional p(x) = inf{t > 0 | t_lx € K}, x ¢ R". Then the map-
ping g defined by g(x) = (p(x))-1 lxt x, x # 0, and g(0) = 0, is a homeo-

morphic mapping from Bn onto K. g

THEOREM 4.5. Any nonempty compact conmvex subset of R has the fixzed point
property.

The following proof of a result of FROBENIUS is a nice application
of theorem 4.5.

THEOREM 4.6. (FROBENIUS)

Suppose A s an n x n matric (aij) with aij >0 for i,j =1,...,n. Then

A has a positive eigemvalue and a corresponding eigenvector x = (xl,...,xn)
with all x* > o.

PROOF. If x # O with all x* > O then y = Ax # O with all yJ > 0. The map-
ping f defined by f(x) = (Z? (Ax)J)_le is continuous from the compact

1 .
+ ...+ x"=1,x 20 for i-= 1,...,n} into

convex set K = {x ¢ R" | x
itself. Hence f(xo) = x_ for some x., € K. Then Ax_. = (yé+...+y8)x0 = Axo

0 0 0
and A > 0. 0
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4.2. ON THE SURJECTIVITY OF A MAPPING f: R -+ R

PROPOSITION 4.7. Let £: B® » R be contimous such that f£(x) never points

opposite to x for x € Sn—l, Z.e., £(x) # -)x for all A 20, x € "1, Then

f(x) = 0 has a solution in the interior of B .

PROOF. Let ft(x) = tf(x) + (1-t)x, 0 < t < 1. Then, by hypothesis, ft(x) #0

n-1

for (x,t) € S x [0,1]. Hence

1 1

deg (£,B"-s""",0) = deg(id,B"-s"7",0) = 1.
Application of theorem 3.2 completes the proof. O

In particular, the conditions of proposition 4.7 are satisfied if

(£(x) ,x) > 0 for each x € Sn_l.

PROPOSITION 4.8. Let £: B ~ R be continuous such that (£(x),x) 2 r for

some r > 0 and all x € "7, Then the equation £(x) = y has a solution for
each y, |y| < x.

PROOF. Let |y| < r and g(x) = £(x) - y. Then
(@(x),x) = (£(x),x) - (y,x) >r - |y| >0, for x ¢ s"71.
Hence, by proposition 4.7, g(x) = 0 has a solution in B". ]

THEOREM 4.9. Let f: R -~ R° be a continuous mapping. If
|Xi_1(f(x),x) + 4o yniformly as |x| > =,

then £ is a surjection, Z.e., for each y € R’ the equation £(x) = y has
a solution.

PROOF. Choose r > 0. Then, by hypothesis, there exists R > 0 such that

‘xl_l(f(x),x) > r for lxl = R. Define g(x) = £f(Rx). Then (g(x),x) 2 r for
|x‘ = 1. Hence, proposition 4.8 assures that g(x) = y, y < r, has solutions
in B". So f(x) =y, v < r, has solutions for ]xl < R. 0

4.3. EIGENVALUES OF NONLINEAR MAPPINGS f: Sn_1 g Hgl

Theorem 3.9 and remark 3.10 justify the following definition.



34

DEFINITION 4.10. Let f: Sn_1 > sn—l be a continuous mapping. Then the degree

deg (f) can be defined such that

deg (f) = deg(F,Bn—Sn_l,O)

for any continuous extension F: B" » Rr” of f.
Because of theorem 3.3 we have
deg (f) = deg(F,Bn—Sn_l,p)

for each p € B - Sn—l. Application of theorem 3.11 gives:

PROPOSITION 4.11. (Homotopy equivalence)

Sn—l N sn—

1

If the continuous mappings £y f are homotopic, i.e., if £

1 :
and £, can be extended to a contimuous mapping (x,t) - £ (x) from

71 % [0,11 into S*7Y, then deg(£y) = deg(£,).

LEMMA 4.12. Let £: s° 1 » 5771 pe continuous.

(a) If £ has no fized point then deg(f) = (-1)".
(b) If -f has no fized point then deg(f) = 1.

PROOE .

(a) Tet £ (x) = |(1-0)f(x) - tx| " (1-0)£60~tx). Then (x,£) > £, (x) is
continuous from Sn._1 x [0,1] into Sn_l, fo = f and fl = —-id. Hence
deg (f) = deg(-id) = 0",

(b) Using the homotopy £, (x) = | (1-)£(x) + tx| | ((1-£)£ (x)+tx) we obtain
that deg (f) = deg(id) = 1. O

1

COROLLARY 4.12. Let £: s* 1 » "} be contimous. If n is odd then either

f or —-f has a fixed point.

This result is a generalisation of the elementary fact that any or-

thogonal transformation of R must have eigenvalue 1 or -1 if n is odd.

1

THEOREM 4.13. Let f: s » R" be contimuous. If n is odd then there exists

X, € "1 and A € R such that £(x5) = Ax

0"
PROOF. Clearly the theorem holds if f(x) = O for some x ¢ Sn-l‘ Suppose
that f maps Sn_1 intoimn - {0}. Then g = If[—lf is a continuous mapping
from Sn._1 into itself. By corollary 4.12 there exists Xy € Sn_1 and e = *1

such that g(xo) = ex,. Hence f(xo) = e[f(xo)]xo. 0
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The linear case of this theorem states that for odd n any linear

n n
transformation A: R~ - IR has a real eigenvalue.

COROLLARY 4.14. Let f: sn’1 > R" be continuous and let (£(x),x) = 0 for

n-1 n-1

each x ¢ S . If n is odd then £(x) = 0 for some x € S~ .

An equivalent statement is that for odd n any tangent vector field
on Sn_1 vanishes somewhere. The linear case of corollary 4.14 states that
any linear skew-symmetric transformation A: R > R" possesses an eigen-
value 0 if n is odd.

In corollaries 4.12, 4.14 and theorem 4.13 the condition that n is
odd cannot be omitted. The reader may easily find counterexamples in the

case that n is even.

35
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5. SOME FURTHER PROPERTIES AND APPLICATIONS OF DEGREE

In this final section we mention some further interesting results

without proofs.

5.1. DEGREE THEORY ON THE SPHERE

A theorem due to Hopf asserts that the converse of proposition 4.11
is true. Hence, the degree is essentially the only homotopy invariant for

mappings from the sphere into itself.

THEOREM 5.1. (HOPF)
If fo,fl: sn_1 - sn"1 are continuous and if deg(fo) = deg(fl) then £

and £, ave homotopic.

0

The proof uses combinatorial topology, see HU [13, chap. 2, §8].

For mappings f: Sn-1 - Sn_1 the degree can also be defined without

using the definition of degree for mappings F: B" > R". Note that Sn_1
is an (n-1)-dimensional oriented differentiable manifold. This means that

n-1 - . -
S is a union of open subsets U, with Llocal coordinates gl,...,gn ! on

each U, such that on U n U Ei is a C —functlon of gé,...,g“ -1 ang
det (98 /BEJ) > 0. Now the three stages of the analytic definition of de-
gree (cf. sectlon 2) can be repeated for mappings f: s™T ! > ™ 1 and points
p in Sn_l. All steps have to be done in terms of local coordinates and it
has to be verified that things do not depend on the choice of the local
coordinates. For further details about the analytic definition of degree
for mappings between oriented manifolds we refer to NIRENBERG [8, chap. 1].
If deg(£,5% 1,p), p e 8%, is defined by the above method then this
degree is a locally constant function of p. Hence, deg(f,sn—l,p) has the
same value for each p € sn_l, so the degree only depends on f. NIRENBERG
[8, §1.5.7] proves that this definition of degree coincides with deg (f)

in definition 4.10.

For mappings f: B" > R" of class Cl(Bn) (i.e. continuously differen-
tiable also on the boundary of Bn) the degree can also be expressed by a
surface integral due to Kronecker, cf. HADAMARD [i4] and BERGER & BERGER
[6, p.4Q]. Let 0 ¢ £(s™1). Then

1 1

J l£]™ aqetie, 2L, .., —2f 3qet. . ae™!
1 n-1

oy 3 oE

S

(5.1) deg (£,8%-s""1,0) =
K
n-1
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. . 1 n 1 n-1 .
where f has Cartesian coordinates f ,...,f , where & ,...,& are suitable
. n-1 . .
coordinates on S except for a subset of lower dimension, and where Kn 1
. n-1 . . .
is the surface area of S . FPormula (5.1) is the n-dimensional analogue of

(1.4) and (1.10).
The author of the present chapter obtained a proof of formula (5.1) as

follows (unpublished). First define deg(f) for mappings f: Sn—'1 > Sn—1 by

using the differentiable manifold structure of Sn_l. Then formulate an ana-
logue for deg(f) of the integral representation (2.4). Here Y may have ar-
bitrary support in Sn_l. Next, prove by some manipulation of determinants
that deg(f) is equal to the right-hand side of (5.1) with |£|™™ = 1. Finally,

replace £ by |f|_1f, where f is a mapping from B" into BJI.

5.2. THE MULTIPLICATIVE PROPERTY

THEOREM 5.2. (Multiplication property)

Let @ ¢ R" be open and bounded. Let £: 4 > R* and g: R* » R" be con-
tinuous. Denote the bounded components of R® - £(32) by Vv
that p ¢ g o £(3Q). Then

greee - Suppose

deg(g°f,2,p) = ] deg(f,2,v,) deg(g,v,,p),
i

where the sum on the right is finite.

This theorem as well as its two corollaries formulated below are

proved in SCHWARTZ [5, pp.74-78] and HEINZ [4, §111].

COROLLARY 5.3. (JORDAN)
Let X and L be homeomorphic compact sets in R . If R® - K has a finite

number of components then R" - L has the same number of components.

In particular, if n = 2 and if K is the unit circle then L is an ar-
. 2
bitrary Jordan curve and we obtain the well-known property that IR - L

has two components.

COROLLARY 5.4. (Domain invariance)
Let U be an open subset of R" and let £: U » R" be a contimious one-to-

one mapping. Then the image £(U) is open in R" .
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5.3. BORSUK'S THEOREM

For this subsection see SCHWARTZ [5, pp.78-821], NIRENBERG [8, §1.7]
and DEIMLING [9, §10].

THEOREM 5.5. (BORSUK)

Let Q be a bounded open sbuset of R symmetric about the origin such that
0 € Q. Let £: O » R" be contimuous such that £(x) = -£(-x) # 0 for all

x € 3Q. Then deg(£,2,0) is odd.

COROLLARY 5.6. Let Q be as in theorem 5.5. Let £: 92 > R be a continuous
mapping whose image is contained in a k-dimensional subspace, k < n, of

R .

(a) There exists x € 3R such that f(x) = £(-x).

(b) If £ Zs an odd mapping then £(x) = 0 for some x € 93Q.

COROLLARY 5.7. Let Q be as in theorem 5.5. Let A A

subsets of 90 such that 3Q = U2=1

pair of antipodal points x and -x.

,..-,A_ be n closed
2 n

Ai. Then at least one set a, contains a
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III. CHEMICAL REACTIONS DESCRIBED BY AUTONOMOUS ORDINARY DIFFERENTIAL
EQUATIONS

In this chapter we present some aspects of the theory of ordinary dif-
ferential equations describing chemically reacting systems. The main topics
are the a priori bounds of solutions and the existence and stability of
equilibrium points, the latter aspect being considered by using degree
theory developed in chapter II. As a general reference to the present chap-

ter we mention the monograph of GAVALAS [1].

1. CHEMICAL REACTIONS

We consider a system of r simultaneous chemical reactions, symbolized
by:

(1.1) M. = o0, i=1,...,r,

\)i. .

I e~

J

where vij are integers and Mj are chemical species. The numbers vij con—
stitute an (rxn)-matrix v. The species Mj consists of a number of atomic
species Al""'Am' and Bij will denote the number of atoms Aj in the species
Mi' The non-negative numbers Bij constitute an (nxm)-matrix B. Since each

chemical species contains at least one atomic species we have

m
(1.2) ) B,.>0, i=1,...,n
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EXAMPLE 1.1. To illustrate the concepts in this section we shall consider
the two reactions

2N02 - N 04 =0,

2

2NO + 02 - 2N02 = 0.

(1.3)

The four chemical species 02, NO, NOz, N204 will be denoted by Ml’ M2,
M3, M4 respectively, and the atomic species 0, N are denoted by Al and A2.

The matrices v and B are in this case

(1.4) v = ’ B =

-

N

I

N

o
»ON =N
N = = O

REMARK 1.2. (Notation) The rank of a matrix o will be denoted by r(a) and
the transpose of o by aT. With In we denote the (nxn) unit matrix, and with

0nm we denote the (nxm)-matrix containing only zero elements.

REMARK 1.3. We suppose throughout that
(1.5) r(v) = r;

in other words, we only consider a system of r independent reactions. In
general, the chemical equations are presented as ZXij i Zuij where the
direction also is important, but in the mathematical treatment these aspects

may be ignored.

REMARK 1.4. The r reactions (1.1) are said to be proper if

(1.6) VB = orm'

The condition for a reaction to be proper is known in chemistry as "balanc-

ing the equations”, and

(1.7) =0 (i=1,...,r, k=1,...,m)

Il o~
<

.. B.
j=1 ij “jk

corresponds to the conservation of atomic species Ak in the i-th reaction.
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We only consider systems for which (1.6) is fulfilled.
The following lemma is important for the construction of invariant
manifolds of the differential equations describing chemical reactions.

It is an extension of relation (1.6).

LEMMA 1.5. There is an n X (n-r) matrix y of rank (n-r) such that

(1.8) vy = Or,n—r'
PROOF. The proof simply follows from the observation that the linear homo-
geneous equation vx = 0, X € R" has (n-r) linearly independent solutions;

here (1.5) is used. [

On account of (1.6) or (1.7), the first r(B) columns of y will be taken
from the columns of B. If the elements of y are denoted by Yij' then it
follows from (1.2) that

r (B)

(1.9) p; = '2 i3 > O i=1,...,n.
j=1

Moreover we have

(1.10) r =r(v) <n - r(B)

giving an upper bound for the number of linearly independent reactions.

It is supposed that the systems considered are homogeneous, that is,
we suppose that only one phase in the system will occur. The concentration
of the chemical species Mi will be denoted by ci, i=1,...,n.During a reaction
process the quantities ;i which are called the state variables, will vary
with time, and the evolution of a chemical system can be described by these
variables as functions of time. The initial values (at t=0) are denoted by

cio,i =1,...,n. The state vector ¢ and its initial value c

€1 c10\

(1.11) c=|: ,  c.=| @

0

Q
Q
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. . n n ., .
are the elements of the n-dimensional real vector space IR, and ﬂl+ is its

positive orthant

n .
(1.12) R, = {c | c; 20, i=1,...,n}
The inner product (.,.) and the norm |.]| in r" are given by
3
(x,y) = X ¥y +oee b Xy, x| = (x,x)%.

REMARK 1.6. If we interpret the r rows of v as vectors of sz the subspace
spanned by these rows is denoted by AO‘ On account of (1.5), dim (AO) =r,
and (1.8) implies that the column vectors of y are elements of the ortho-

gonal complement of AO.
COROLLARY 1.7. Let x ¢ R then x « AO if and only <if YTx = 0.

EXAMPLE 1.8. For the chemical system in example 1.1 we have

0 1

(1.13) A=l O eul 2] 1A, ue mY

. 0= 2 -2 ’ .
-1 0

In this case r 2, n=4, r(B) = r(y) = 2. As a consequence we can take

Yy = 8.

In this chapter, we only consider uniform systems, i.e., systems having
no space variations. A uniform system is specified by the values of the

state variables at a single point of the reactor tank.
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2. DIFFERENTIAL EQUATIONS OF CHEMICAL REACTIONS

In this and the following sections we consider two types of ordinary
differential equations associated with homogeneous and uniform chemical
systems. In each case the equations are formulated in terms of the reaction
rates fj, j =1,...,r of the r reactions in (1.1). These rate functions (or
rate laws or kinetics) are functions of the state variables Cyre=-rsCp-

n
Also the vector functions f(c¢) and F(c),

£ Fy
(2.1) e=|: 1], F=|: ,
£ F
X, n
related by
(2.2) F=vrg,

are used. Fi is the total production of Mi in moles per unit volume per

unit time due to chemical reactions. Explicitly we have

(2.3) Fj(c) =

Il o~

1\)ijfi(c), i=1,...,n.

i
REMARK 2.1. A more realistic model is obtained by regarding the temperature T
of the system as a state variable as well. In that case the functions fj

are given as functions of T. In this chapter, however, the temperature, and
effects of its variations with time, will not be considered. The suppression
of T from the formulas does not change the discussion in a relevant way.

The reason for the simplification of the model is only based on the wish of

considering a convenient mathematical model.

A closed system is a system (1.1) of constant volume which does not
exchange mass or energy with its surroundings. It is convenient, to consider
a closed system of unit volume. The time evolution of this system is de-

scribed by the system of differential equations

(2.4) = = Fla), c(0) = S

We also consider in this chapter open systems, but the discussion will



III. CHEMICAL REACTIONS 45

be limited to simple open systems known in chemical engineering as a contin-—
uous stirred tank reactor. Figure 1 shows such a system in which mass is

exchanged with the surroundings.

Vi v
Flow rate w olume Flow rate w
state c¢ state ¢
f state ¢
Figure 1

The volume V and the volumetric flow rate w of input and output streams

are kept constant; 6 = V/w is called the holding time of the reactor; cg is

the input or feed state variable and, as c, e € IRE. Its components are

denoted by clf""'cnf' that is
C1£

(2.5) cp = ; .
cnf

The feed state may vary with time in which case we have a variable inflow.

The conservation equations for the chemical species can be written as

(2.6) de %(c ) + Fle), 0 =

For both closed and open systems we impose the following condition on

the function F.

POSTULATE 2.2.
(i) The function F: R'»> K® is continuous in K£ .

(ii) For any cj =0, Fj > 0.

REMARK 2.3. On account of condition (i) a conclusion may be drawn concerning
the existence of solutions of (2.4) and (2.6). According to a result of
Peano, the existence on some interval [O’tl) can be proved. See HALE [2]

for a proof based on a fixed point theorem of Schauder, which is not proved
by Hale. Gavalas, also using this fixed point theorem, gives a proof based

on degree theory for completely continuous operators; this theory will be
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given in chapter VI. A more elementary proof of the existence of solutions
can be found in CODDINGTON & LEVINSON [3]. See also remark 3.4. As for
uniqueness of the solutions, which is expected on physical grounds, the con-
ditions of postulate 2.2 are not sufficient. If, however, F is Lipschitzian

in Bf: the initial value problem has at most one solution.

REMARK 2.4. On physical grounds, all state variables have to be non-negative,
that is, ¢ has to be an element of B{:. Condition (ii) of the postulate in-
sures the non-negativity of the state variables for all t 2 0, if the ini-

. . . n
tial value is chosen in BKF.

REMARK 2.5. Condition (ii) of the postulate can be written as (F,n) = 0 on

n . . pel
BIR+ , where n is the inward normal on the boundaries of IR+.

In chemical experiments, often there are more than one equivalent
systems of reactions (1.1) capable of describing a given chemical change,
each system having its own rates fj’ The rates Fi’ however, are the same
for all equivalent systems. The descriptions in terms of f and F are both
useful. The gquantities that can be directly measured during the experiment
are, among others, the pressure, temperature, concentrations and the thermal
and electrical conductivity. From such measurements it is possible to de-
termine the number of independent reactions, but no distinction can be made
among equivalent systems of reactions. The determination of the rates f and
F from experimental data is a task both difficult and of limited accuracy.
Summarizing, the construction of a mathematical or chemical model of chem-
ical reactions falls apart into the choice of (1.1) and into the choice of

the rates fj'
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3. CLOSED SYSTEMS

We consider the differential equation (2.4) and we suppose that F sat-
isfies the conditions of postulate 2.2. As noted in remark 2.4, a trajectory
starting in n{: will remain in this region at all subsequent times. In the
following subsection it will be shown that trajectories remain in a bounded

r-dimensional region of Ri.
3.1. INVARIANT MANIFOLDS
T T T .
From (2.4), (1.8), (2.2) and (vy) = vy v we derive

(3.1) YT %%—= YTF(C) = YTvT f(c) =0

and integration gives
T
Y c(t) = constant.

The constant can be expressed in the initial value c, of c, giving

0

(3.2) YTc(t) = YTCOr
or

T
(3.3) Y (c(t)-co) = 0.

Hence, as follows from corollary 1.7, any solution of (2.4) with initial

value c, satisfies

0
(3.4) c(t) - ¢ € Aol
or

(3.5) c(t) € Acy),

where A(co) is the r-dimensional linear manifold

n -
(3.6) A(co) ={xe R x=cyt¥,ye AO},
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which can also be denoted by

(3.7) A(co) = ¢ + Ao,

where in the notation the dependence on c, is emphasized.

0

The linear manifold A(co) in K" extends to values outside the positive
orthant ]Ri. Since we are only interested in values of the state variables

. n ... : . . . . n
in B{F, it is convenient to consider only the intersection of A(co) with nﬁ_.

DEFINITION 3.1. The set
+ n
(3.8) A (co) =R_n A(co)

is called the Znvariant manifold corresponding to the point g
REMARK 3.2. The invariant manifold A+(c0) is constructed without knowledge
of the right-hand side of (2.4), that is, without the reaction rates fj‘

In terms of the elements of Yij of the matrix y, the elements c of

A(co) satisfy the relations

(3.9) c k=1,...,n-r.

Il 18

n
ij cj(t) = 2 Y

1 j=1 3% 30

]
LEMMA 3.3. A+(c0) 18 closed, convex and bounded in Df:.

PROOF. The closedness follows from (1.12), (3.8) and (3.9). To show the
convexity, let x and y be any two points of Af(co), then c(s) = s x + (1-s) y
€ ]R: and YTc(s) = YTCO, s € [0,1]. Hence c(s) e A+(co). The boundedness
follows from (1.9) and (3.9). Namely,

r(B)

Il o183

(o]
.
c
[
[[Maeri=]

n
pj cj(t) = Z p. C

k=1 j=1 j=1 3

and, since all pj are positive, cj(t) must be bounded for all t = 0. [

Since a trajectory of equation (2.4) departing from c, lies entirely

0
in A+(c0), we can find cim' i=1,...,n such that for any t
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0 < ci(t) < c, . i=1,...,n
or, if cm is the vector with components cim'
(3.10) lete)] < le |-

The vector Cn is independent of the reaction rates f, and is obtained
without knowledge of the solution of (2.4). Hence Icml is an a priori bound

for |c(t)| and this bound depends only on the initial condition.

REMARK 3.4. With this a priori bound we can verify that a solution is de-
fined for all t 2 0, and not only, as noted in remark 2.3, on some interval

[O,tl]. See HALE [2,pp. 17-18].

3.2 EXTENTS OF REACTIONS

As we have seen in the foregoing subsection, the action takes place in
an r-dimensional linear manifold A(co) of IRz. In the subspace A0 we can
use intrinsic coordinates {El,...,ér} and, if c € A(co), c can be expressed
in terms of S and El""'gr' A convenient way of doing this is using the
matrix v. Since r(v) = 4, we can associate with v a linear mapping, which
induces an isomorphism between A(co) and its image K; the r-dimensional

£-space. Let us take, if c-c., € A

0 o’
(3.11) c-cy= vTi,
where
E1
(3.12) £ = .
gr

is an element of Ef.. The connection between the ¢ and the £ vector is as

follows. Since c-cy € AO’ it can be written as c-cO = Alvl + ... + Arvr,

where vi are the row vectors of the matrix v (see remark 1.6) and Ai e R,

i=1,...,r. From (3.11) it follows that Ai = Ei' i=1,...,r.

REMARK 3.5. The variable €j represents the contribution of the j-th reaction

in the change from the state c, to the state ¢ and is called the extent of

0
the j-th reaction. The extents may be interpreted as degrees of freedom in
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the thermodynamic sense.

The image of A+(co) under the mapping (3.11) will be denoted by K(CO)'
From its construction it is clear, that K(co) is a simplex in IRr, that is
a line segment if r = 1, a triangle (including the plane region with its
bounds) if r = 2; a three-dimensional simplex is a tetrahedron. The simplex

X(co) contains the origin. The elements & of K(co) satisfy, since c € IR:,

n
A+ ) V.. E 20, 3=1,...,n.
30 i=1 ij i

(3.13) c

EXAMPLE 3.6. The extents for the reactions in example 1.1 with

0
c. = 0
0~ 0
\“a
are given by

cl = 521
3 = 28y
<y =28, - 28,
€4~ S0 = " &y-

These equations can be solved uniquely for £ in terms of ¢, provided
c-c, € AO, where AO is given in (1.13). The simplex K(co) in this example

is determined by the inequalities c; 2 0, giving

e 1

Figure 2
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In terms of the extents Ej' the system (2.4) of equations reduces to a

system of r equations (see 2.2) and (3.11))
(3.14) Se = £@®), €00 =0,

where f(g) = f(c), c e A+(c0) and c = ng + c If c € A(co), (2.4) and

0
(3.14) are equivalent.

REMARK 3.7. Condition (ii) of postulate 2.2 can be written as (%,n) 2 0 on
3A(00)7 see remark 2.5; n is the inward normal on SA(co). The inner product

. r . n
and norm in IR° are as in IR .

3.3 EQUILIBRIUM POINTS

DEFINITION 3.8. A kinetic equilibrium point (or equilibrium point or equi-
librium state) of a chemical system described by the differential equation

(2.4) is a solution of the equation

(3.15) F(c) = 0.
LEMMA 3.9. Let £ and F be related by (2.2). Then £ and F have the same zeros.

PROOF. Suppose f(c) = 0, than trivially F(c) = 0. Conversely, suppose

F(c) = 0, than vT f(c) = 0, hence f v, + ... . £ v =0, where

11 r r
{v,s -.., v_} are the linearly independent row vectors of v. Hence
1 r

fi =0, i=1,...,r, and thus f(c) = O. 0

REMARK 3.10. Let c be an equilibrium state in A(co), then E(E) = 0, where
c and £ are related by (3.11). Conversely, E(&) = 0 implies f(c) = 0. The

corresponding point § will also be called an equilibrium point.

+
Of course, we are interested in equilibrium states in A (co), or equi-
valently, in the simplex X(co). In order to prove that equilibrium points
exist, we calculate the degree of f with respect to the simplex A(co).

The interior of the closed simplex will be denoted by Ko(co); that is,

Xo(co) = X(co) - Bx(co).
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THEOREM 3.11. A chemical system with differential equation (2.4) has at
least one equilibrium point in Alcy).

PROOF. We will prove that if F # 0 on 3A+(co), or equivalently, E # 0 on

3A7c0), T has at least one zero in Ko(co). Let us suppose F # 0 on 3A+(c0).
~ ~o

The function f is continuous and A (co) is bounded. According to definition
~ ~o

I11.2.15, deg(f,A (co),O) is defined, and we will prove that the degree is

not zero. Let us consider the function (§,t) = ht(E) given by
(3.16) h (B) = (1-t) £(8) - t g(&)

where g(g) = & - E* and E* € Ko(co); ht(E) is continuous on K(co) X

[0,1] and, in order to apply theorem II.3.4, we verify if it has zeros in
Bx(co) x [0,1]. The values t = 0, t = 1 are easily verified, since ho = E

and h1 = - g are supposed to be nonzero on BK(CO)- Suppose now ht(E) =0

on BX(CO) x (0,1). Then we obtain from (3.16)

~

= -£ (g-f*
£E) = (8.
Left side multiplication by vT yields

F(c) = £ (c-c <"+ c ) = t

(c-c™)
-t 0 0 1-t ‘¢’
*

* . . T * * : . . .
where ¢ 1is defined by v ' § =c¢ - Cyi ¢ is an interior point of I{: and

n . s
c € d ]{F. Some component of ¢, say ¢, is zero, giving

k
S T
F] -t ( c]).

*
But ck > 0, and hence we have a contradiction with postulate 2.2. From

theorem II.3.4 we obtain deg(ht,xo(co),O) = constant for t € [0,1] and hence
~o ~o
deg(hO,A (co),O) = deg(hl,A (co),O) giving

deg(%,xo(co).O) = deg(-g,XO(co),O).
The right-hand side is easily computed using theorem II.3.5. The result is

(3.17) deg(E,K°(cO),0) = (-1F.
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An immediate consequence is, (see theorem II.3.2(b)) that equation (3.15)

has at least one zero in A+(c0). 0

Figure 3 shows schematically the homotopic vector fields £ ana -g,

g(g) = E-E* with E* = 0, for the case of two chemical reactions.

e 1

—— for —g

- 2> for f

Figure 3

In the proof of theorem 3.11 deg(g,xo(co),O) is not computed if % has
zeros at BX(CO); in that case the degree is not defined. In order to obtain
information about the zeros at BX(CO) we may attempt to compute the degree

of ; with respect to a sufficiently large open ball B surrounding K(co).

In calculating the degree of f with respect to B, zeros of f outside
X(co) must be considered as well. Such equilibrium points, however, do not

have any physical significance, since all trajectories originating in A(cO

)
never leave this region, but these points do contribute to the degree of %.
However, it is possible to extend the function E outside K(co) to a func-
tion ¢, such that
(1) (&) = £8), & e Acy),

~
(ii) ¢ is continuous in B,

(iii) ¢ # O outside K(co).
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The differential equation

ag

(3.18) S = $(E), £(0) =0

has the same solutions as (3.14) and the same equilibrium points in X(CO)'

Before defining ¢, we introduce two auxiliary functions. The first one

is the distance function d: R' + R given by
* ~
a®) = ine{lg-£"| | £ € Kcpl,
the distance between & and the closed simplex X(co). The second auxiliary

function is p: IRr+-Bf:, defined as the point of intersection of the line

* ~ ~
segment (£ ,£) with BA(CO), where E* € Ao(co). In two dimensions the sit-
uation is as in figure 4.

£,1

Figure 4

Let us now define ¢ as

5 J/E(s), if £ e ey,
(3.19) $(&) =

[E(p(£)> - ae) (g-€g%), if £ ¢ X(co>.

From its definition it is clear that ¢ is continuous if f is continuous.

Suppose E(E) = 0 outside K(co). Then ;(p(g)) = d(E)(E—E*), or by multiplying
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*
with VT, F(p(c)) = d(g) (c-c ), where p(c) is the point in R corresponding
* T ~
to p(§), and c -cy = v'g*. Since p(&) ¢ BA(cO), p(c) € Bni{; c* is an
interior point of A(CO). Moreover, since & ¢ X(co), c ¢ IR?i and hence, some

* *
component of c, say c is negative, giving Fk(p(c)) = d(ck-ck); since c, > O,

’
Fk(p(c)) < 0, in conttadiction with postulate 2.2. It follows that $ doez
not have any zeros outside A(co). Hence deg(¢,B,0) is defined if A(co) lies
wholly in the ball B. As, in the proof of theorem 3.11 we now can compute
the degree which is left to the reader as an exercise. The result is given

in the following theorem.

THEOREM 3.12. Let F satisfy the conditions of postulate 2.2, let $ be an
extension of f as given in (3.19), and let Q c R" be any open bounded set

containing K(co), then
~ r
deg(¢4,2,0) = (-1)".

The extension 3 defined on the g-space IgAinduces a function
¢ A(cO)T+ r" by writing ¢{(c) = $(£), where ¢ and £ are related by .
c-cy = Vg, ce€ A(co). The function ¢ is an extension of f outside A (co),
such that ¢(c) # O outside A+(co). The function ¢: A(co) -> Bfl, given by
¢ = VT¢ is an extension of F. It should be noted that ¢ and ¢ are defined

only on A(co).

REMARK 3.13. In general, the zeros of f are not isolated. To see this, we
observe that f is a mapping R"> ®R® and r < n. Hence, generally, the equa-
tion f(c) = O defines a (n-r)-dimensional closed manifold N(f) c R" of
zeros of f. From theorem 3.11, it follows that A+(co) and N(f) have at least
one common point, whatever CO € B{]. Since ¢y may be arbitrarily close to O,
f is continuous and N(f) is closed, 0 is an element of N(f); that is,

£(0) = F(0) = 0. Also N(f) is unbounded.

3.4 THE NUMBER AND STABILITY OF EQUILIBRIUM POINTS

Theorem 3.11 gives the existence of at least one equilibrium point, but
nothing is said about the exact number of such points. If we impose certain
conditions on the rate functions fj it is possible to prove that all trajec-
tories in A+ converge to a single equilibrium point. These conditions can be

interpreted in a thermodynamical sense and are related to the consistency
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between thermodynamics and kinetics. The entropy function of the closed
system plays the role of a Lyapunov function by which the convergence of
the trajectories can be proved. For details, the reader is referred to
GAVALAS [1, §1.5].

In the general case, when the reaction rates are only restricted by
postulate 2.2, each invariant manifold may include more than one equilibrium
point and it is interesting to obtain information about the number and sta-
bility of these points.

\ In order to give qualitative information, however, we need the dif-
ferentiability of the rate functions. So, apart from the conditions in pos-

tulate 2.2, we demand that
(3.20) fec@cy nc'@®iey.

In the discussion of stability, the Jacobian matrix of a mapping,
introduced in section II.2.1, plays an important role. For convenience,
we give the following definition and notation for this matrix and its de-

terminant.

DEFINITION 3.14. Let @ be an open bounded set in R'; let f ¢ Cl(Q). Then

the linear operator f'(x): R + R", called the derivative of fat z, is

given by the Jacobian matrix

Bfl(x) . afl(x)
axl 9x
(3.21) £f'(x) = : I
af (x) 9f (x)
n n
9x Tt 9x

and Jf(x) = det(f'(x)) is the Jacobian determinant.

3.4.1 THE NUMBER OF EQUILIBRIUM POINTS

We know from theorem 3.12 and theorem II.3.14 that, for the case that

'E(E) = 0 has only a finite number of solutions,

(3.22) deg(£,2,0) = (-1)F = Z~_1 ind(f,£,0),
Eef “(0)
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where  is any open bounded set containing X(co). Moreover, if JE(E*) #0

at an isolated zero g* € Xo(co), then as follows from theorem II.3.13
(3.23) ina(f,£%,0) = (-1)°

where ¢ is the sum of the algebraic multiplicities of the real negative

eigenvalues of E'(E*). Suppose now that all equilibrium points are in Xo(co).

LEMMA 3.15. If the number of equilibrium points in Xo(co) is finite, and if
JE(E) # 0 at each equilibrium point, then the number of equilibrium points
is odd, 2m+l say, among which m+l have index (-1)¥ and the remaining m

have index (—1)r+1.

PROOF. The index of each equilibrium point is +1 or -1, and the proof easily
follows from (3.22). [

EXAMPLE 3.16. Consider a single reaction (r=1) in a closed system
M1 —2M2 = 0.

The v-matrix is (1 -2) and suppose that the system is described by the dif-

ferential equation

dc _ _
T F(c), c(0) = cqyr
where F(c) = va(c) = (_2§§2;>; £: Ri > IR is a given function such that
F satisfies postulate 2.2. We introduce the extent £ by writing c-cy = vTE,
hence
€1 C10 T & ©37Cp = 72
Aﬁ;o) is the line~2c1 + c, = 2c10 + S50 and A+(c0) is its intersection with
R, . The simplex A(co) is the segment [_CIO’ %c2o] on the £-axis and
~ + .
£(g) = f(cl,cz) = f(£+c10, ~2g+c20). If (F,n) 2 0 at dA (CO) (the points

@1O+§c20,0) and (0,2c )) then %(—c ) 20, f(ic < 0. The following

10"20 10 20’ = 0 ©
figures may be illustrative. Figure 5 gives the manifolds A (co) and A(co)
in c-space and g{-space. Figure 6 gives two possible functions E, which in-
deed are homotopic with g(§) = -f. Also the indices (+1) and(-1) of the

equilibrium points are shown.
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The vanishing of JE(E) at the equilibrium points may be illustrated by
the set N(f), introduced in remark 3.13. Figure 7 shows a situation where
JE(E) will vanish at an equilibrium point in K(co), while in K(EO) this
will not be the case.

The corresponding pictures in the &-space are shown in figure 8.

It follows that, locally, the number of equilibrium points is 0, 1 or 2,

according as the position of T, with respect to A(co). Generally, quite

0
different situations may occur. In fact, in chapter IV an example will be

given where the number of equilibrium points changes (locally) from 1 to 3.

3.4.2. THE STABILITY OF EQUILIBRIUM POINTS

We first give a definition of stability of an equilibrium point of a

general differential equation

dx

= = F(x)
(3.24) a“
xe R', F: ®® > R",
and we suppose that x* is an equilibrium point, that is, F(x*) = 0.

*
DEFINITION 3.17. The solution x is called stable if for any € > O there

exists a § > 0, such that any solution x(t) of (3.24) with x(0) = X satis-
fying Ix, - x| < 8, satisfies Ix(t) - x| <€, t = 0. The equilibrium
point is said to be asymptotically stable if, in addition to being stable

Ix(t) - x| >0 as t > .

According to the Poincaré-Lyapunov theorem, the stability of an equi-
librium point of (3.24) can be discussed by considering the eigenvalues of
the Jacobian matrix F'(x), defined in definition 3.14, at the equilibrium
points. A sufficient condition for the stability (even asymptotic stability)
of x* is that all eigenvalues of F'(x") have negative real parts. Conversely,
if F'(x*)has one or more eigenvalues with positive real parts, the equi-
librium point x* is unstable. Finally, when F'(x*) has eigenvalues with zero
real parts, no definitive statement about stability can be made without

further information on F(x).
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Now suppose c* is a kinetic equilibrium point of (2.4). This point
defines a linear manifold A(c*), c* € A(c*). The image of A+(c*) under the
transformation of c—c* = vTE, with ¢ € A+(c*), is a simplex X(c*) in the
g£-space. The point £ = 0 corresponds to ¢ = c*: E(O) = 0, and hence & = 0
is an equilibrium point of (3.14). Suppose that the eigenvalues of £1(0)
have negative real parts. Then, according to Poincaré-Lyapunov, & = 0 is
asymptotically stable. That is, given € > 0, there exists a § > 0, such

that Igoi <8, £ € X(c*), implies that a solution of (3.14), with £(0) = &

. 0

satisfies [E£(t)| < e(t20) and moreover £(t) +~ 0 as t + «., The point EO
*

r 2 0 € A(c ) CO a 0

A(c), if lco—c | is small, then c(t) > c , as t - », if c(t) is a solution

of (2.4) with c(0) =c¢

0

. . . * T .
corresponds to a point c is given by c.,~c = v Eo. Hence, in

0"
The question arises: is c* in the c-space asymptotically stable?
The answer is negative. Take for instance an initial value o ¢ A(c*).
+, % +
Then the closed manifolds A (c ) and A (co) have empty intersection. But

c(t) € A+(c0) for all t 2 0, and hence

(3.25) lim c(t) # c*.
£
So, c* is not asymptotically stable. (It is not possible to describe this
situation in the &£-space, since, if c0 ¢ A+(c*), there is no corresponding
~ *
initial value EO e Ac).)
From (3.25) it follows that c(t) does not converge to c*. But c* is
still stable, as will be proved in theorem 3.18.

* *
Here arises another question. If c, is close to c , c0 ¢ N(c'), does

0

6 € A(co) close to c* and is the

= vTES, asymptotically stable?

the function c(t) converge to a point c
*

0™
If the answer is affirmative, as indeed it is, then for the purpose of sta-

corresponding point ES € X(co), c

bility analysis there is no loss of generality in considering perturbations

lying in the linear manifold of the equilibrium state, i.e., c. € A(c*),

0
or, equivalently, to discuss stability in the E-space.

THEOREM 3.18. Let ¢ e AT (c¥) be an equilibrium point of (2.4) and let

g = 0 be the corresponding equilibrium point of (3.14), where c-c” =
vTE(c,c*). Let the real parts of the eigenvalues of £1(0) be negative.
Then the point c* is a stable equilibrium point. Moreover it can be shown
. S € A+(co),
such that c(t) - g where c(t) is a solution of (2.4) with c(0) = Y and

that if |c*-c.| is small enou h, then there exists a point c
0 g p
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* . ~
lc —cgl + 0. The point Eg € Mey), where c and & are now related by
i =.Tr/,__\ ~ = A7y ..7,*_,4 = T _* r o v s iy 77 o 7
c-¢, v tlescy)y ¢ e Mey) and ¢ <, v go, 18 an asymptotically stable
equilibrium point of (3.14).

PROOF. Consider the equation £(£(c,c™)) = 0. It has a solution
£ = E(c*,c*) = 0. The function E can be considered as a function depending
on £ and on c*. Let us make this clear by writing E(E(c,c*)) = g(E,c*),
where $: R x R® > R . The equation $(£,c) = 0 has a solution at & = 0O,
c = c*. Moreover, the Jacobian matrix 3$(E,C)/35 of $ with respect to &
satisfies det(ag(g,c*)/as) # 0 at £ = 0. According to the implicit function
theorem, for which the reader is referred to HALE [2,p.8], there exist
neighbourhoods U and V of 0 and c* in R® and Rn, respectively, such that
for each fixed c in V the equation ¢(§,c) = 0 has a unique solution & in U.
Furthermore, this solution can be given as £ = g(c), where g is continuous
and g(c*) = 0.

In R we choose an open ball BG(C*) ={ce R le=c*| < 8}. There
exists a 61 > 0 such that § < 61 implies BG(C*) c V. Suppose now, § < 61
and c. € Bé(c*). There is a unique EO = g(co) such that %(EO) = 0. Since

0

*
g is continuous and g(c*) = 0, the smallness of |c.-c | implies the small-

0
T
ness of IEOI, or, as needed in the future, that of |v Eol. That is to say,

given any € > 0 we can find §, > O such that § < 62 implies

2
(3.26) IvTe | < e/3.
. * +
Define ¢y € A (co) as
* _ T
(3.27) ¢y = S + v EO'

giving an equilibrium point CS € A+(co) for (2.4).

Furthermore, we can find 63 > 0 such that § < 63 implies that for all
Cc € Bd(c*) the real parts of the eigenvalues of aE(g,c)/ag evaluated at
€ = g(c) are negative. This can be achieved since the eigenvalues depend

continuously on c. Hence, if § < min(61,62,63),50 is asymptotically stable,
*
| =

*
and the point §_ mentioned in the theorem is EO. Moreover, |c —c0

*
9 T

* . *

0 -V Eol + 0 if lc col > 0.

*
le"=c. + ¢, - | = |c*-c

0 0 0
*
Let us now prove the stability of c¢ . Since EO is asymptotically stable,

. . . . ~ - <
we can find 64 > 0 such that, for any initial value ng € A(co), InO EOI 54
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implies & (t) > EO’ where £(t) is a solution of (3.14) with £(0) = ny- So,
with € > 0 introduced earlier, we can choose 64 such that ln0-£0| < §4
implies
T
(3.28) v (g(t) - c:o)I < g/3.
Define T = {c ¢ At (c Yl e =c. + vTE le-g 1 < §,}.
0 0 ! 0 4 *
Any solution with initial value Co € I' satisfies c(t) ¢ as t > o,
Take g € T'n BG(C*) with § < min (61,62,63,64,9/3). Observe that
* *
lete) = ™l = le®) - o+ cf =y +cy - c'l < le(e) - ol + legc,!
T * T
+ ley-c"l. By using (3.26), (3.28), c(t) - cp = V' (E-Ey) and cp-c, = V' Eg.
we obtain |c(t) - c*l < g, t 20, which proves the stability of c*. O
1
Y IS
N(£)
*
c
*
o
o
+
A (CO) —
c, —
Figure 9

In figure 9 the situation is described for the case of one chemical
reaction.

To obtain the relationship between the index and the stability in
X(co) of an equilibrium point E* of the system (3.14), let us consider first
an odd number r of chemical reactions. Then E‘(E*) has an odd number of
real eigenvalues. An index +1 implies, according to lemma 3.15, an even
number of eigenvalues in (-»,0) and hence an odd number of eigenvalues in
(0,»), so that the equilibrium state E* is unstable. An index -1 implies
an even number of positive eigenvalues. If r = 1, E* is stable but if
r = 3,5,... no conclusion about stability can be made. In any case, if the

number of equilibrium points is 2m+1, at least m of them are unstable.
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When r is even, £ (E*) has an even number of eigenvalues. An index
-1 implies an odd number of eigenvalues in (-«,0) and an odd number in (0,«),
hence the equilibrium state E* is unstable. An index +1 does not allow a
conclusion about stability. Again, at least m among the 2m+l1 states are

unstable. We have proved the following theorem

THEOREM 3.19. An equilibrium state of (3.14) such that JE(E*) # 0, 78 un—
stable if its index satisfies ind(f,£",0)x(-1)7 < 0. If 33(£") # 0 for all
the equilibrium states of a given manifold 1, the number of these points s
odd, 2m+1, among which m at least are unstable.

COROLLARY 3.20. In the case of one chemical reaction, r = 1, m of the states
are unstable and the remaining m+l are stable. Thus for r = 1, m = 0 the
unique equilibrium point is always stable. In figure 6 the cases r = 1,
m=0and r =1, m= 1 are drawn, respectively. An equilibrium point with
index -1 is stable.
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4. OPEN SYSTEMS

As in section 3 we can use the matrix y and we obtain in this case

from (2.6)

da 1 _ 1,
(4.1) dt 0 6 f
a(0) = ayr

T
where a = y ¢, a

rT,

T T
=Y cf, a0 = y ¢, and the a-vectors are elements of

£ 0

Equation (4.1) gives on integration

t

(4.2) a(t) = e't/eao +o7! J e'(t'”/eaf(r)dr.
0

Hence we now have

(4.3) yle(t) = at),

defining an integral manifold depending on t in contrast with closed sys-
tems, where the corresponding right-hand side of (4.3), see (3.2), is a

constant. Again (4.3) defines a linear manifold A+(c f,t). Considering

0’€

bounded inputs Iaf(t)l <a,, t =0, we obtain

M'
lal < la, ] + a,,.

Hence lch(t)l is bounded and using the same argumentation és in section 3
we can prove that A+(c0,cf,t) is bounded for all t. From this it follows
that the concentrations are subjected to a priori bounds and hence, if F
in (2.6) satisfies the conditions of postulate 2.2, the existence of solu-

tions can be proved.

4.1. STEADY STATES

From now on we suppose that the feed state c_ is a constant, which

£
implies that (4.2) becomes

alt) = e't/eao + (1-e”

t/6
/) o,
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or

T{e—t/e t/

T _ __-t/8
(4.4) Yc(t) =y ¢y * (1-e )cf}.

Hence the effect of the initial condition <, quickly disappears and the

state of the system is eventually determined by the input variables Ce

alone. More precisely, as t > » the state trajectories rapidly approach the
+
r-dimensional linear manifold A+(c ). These trajectories lie outside A (co),

T T £ +
except when a0 = af, or Y C, =Y cf, that is, when c, € A (cf).

0 0

DEFINITION 4.1. A steady state is the solution of the time independent

equation
(4.5) ¢ -cp = OF (c) .

In the £-space the steady states follow from
(4.6) £ = 0E(E),
where the extents £ are defined by (cf. 3.11)
4.7) c-c. =V, ce ey,

£
THEOREM 4.2. If F satisfies the conditions of postulate 2.2, then the chemical
system with differential equation (2.6) has one or more steady states in
+
A (cf).
PROOF. Let us write
(4.8) g(&) = £ - 0E(6), h(E) =& - &g,
where 50 € Ko(cf), and consider the mapping (§,t) - Ht(E) given by
H (&) = tg(&) + (1-t)h(E).

Proceeding as in theorem 3.11 we obtain, if g # O on aK(cf),

deg(g,K°<cf),0) = deg(h,K°(cf),0) = 1.



66

This proves the theorem. 0

REMARK 4.3. As in section 3, we can extend the function E, or g, in such a
way that the extension does not vanish outside K(cf). For any open bounded
set Q > K(cf) we have deg(g,?,0) = 1, where g and its extension are denoted

by the same symbol.

4.2. UNIQUENESS AND STABILITY OF STEADY STATES
The following lemma is the analogue of lemma 3.15; g is given by (4.8).

LEMMA 4.4. If the number of steady states in Xo(cf) <8 finite, and if

Jg(&s) # 0 for all steady states £ € Ao(cf) and g # 0 on BX(cf) then

the number of the steady states is odd, 2m + 1 say, with m having index

-1 and m + 1 having index +1. The index of the steady state & s equal to
(—1)0, where o 18 the sum of the algebraic multiplicities of the real eigen—
values of f'(is) in the interval (1/6,«).

PROOF. Remark that the eigenvalues of f'(§), say Ai, and the eigenvalues
1 ~, . _ 1

of gL - f (¢§), say ;. satisfy u, = Ai -5 O

If 6 is small, it may be expected that for each steady state Es none
of the real eigenvalues of E'(E) are situated in (1/6,«). In that case, the
index of each point Es, that is, ind(id—GE,ES,O), is +1 from which follows
that we have only one steady state. In order to prove this, we construct
an upper bound for the real eigenvalues of E'(E) which does not depend on
0. It is supposed that f e Cl(K(cf)).

First we introduce the real functional B: K(cf) X IRr--> IR, defined by
T ~,
(4.9) B(E,p) =p £'(E)p

where & € X(cf) and p € Ef. B can be written as

E 9%, (€) °1
B(g,p) = eyl p =
1= %5 13 -

Py
Furthermore we write
(4.10) b(g) = max B(&,p), b = max Db(g).

- m
[pl=1 EeA(cf)
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Suppose X is a real eigenvalue of E'(Es) for some steady state Es' and

p, the corresponding eigenvector normed as |p I = 1. Then
A P A
= < <
A B(Es,px) < b(ES) < bm.

Hence, if ebm <1, then A < 1/8, giving an explicit bound of 6 such that
all real eigenvalues of E'(E) are outside (1/6,»). As a consequence, the
index of any steady state is +1 if ebﬁ < 1. So we have proved the follow-

ing theorem.

THEOREM 4.5. Let b be defined as in (4.9) and (4.10). If 6b <1, then
there is one and only one steady state £ € K(cf).

For large 6 we can also give information on the uniqueness of a
steady state. Let us recall that an equilibrium point is a solution of
£(£) = 0 and a steady state is a solution of (4.6) and depends on 6 and

Cg- The vector e defines a linear manifold A(cf) c® and, if c and &
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are related by (4.7), each simplex X(cf) contains at least one equilibrium

point (theorem 3.11) and at least one steady state (theorem 4.2). With

these preliminaries we are ready to prove the following theorem.

THEOREM 4.6. Let & ¢ X(cf) be a unique equilibrium point and suppose that

the eigenvalues of %'(EO) have negative real parts. Then there exists

6" > 0, such that 6 > 6" implies that K(cf) contains a unique steady state

Es and the eigenvalues of E'(gs) have negative real parts.

PROOF. If we set

€ = max |g]
" EeA(cf)

then
|f(€s) | < £./0

for any solution ES € x(cf) of (4.6). But E(EO) = 0, and EO is the only
equilibrium point in the closed manifold X(cf). So, IES—EOI is small if
6 is large. That is, for any € > 0, there exists 6* such that 6 > 9* im=-

plies IES-€OI < €. But if € is small enough, the eigenvalues of E'(Es)
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have negative real parts. In that case, ind(g,Es,O) = 1, and hence ES is
unique. [

In open systems it is natural to consider perturbations in the initial

state and the feed state, which suggests the following definition of sta-
bility.

DEFINITION 4.7. A steady state c, € A(cf) will be called stable if given
any € > 0 there exists a § > 0 such that lco—csl < 6, lc%—cfl < § imply
that the solution c(t) of the equation

de _ 1 ., _
(4.11) a - e(cf c) + F(ao), c(0) = S

satisfies lc(t)-csl < g, t > 0.

In fugure 10 the situation is illustrated for one chemical reaction

(r=1). Since the solution is attracted by A(cé), if c% ¢ A(cf) the solution
will never reach the point Cqe

czT

Figure 10

Under the condition of theorems 4.5 and 4.6, for small 6 and for large

6, the steady state is unique. As in theorem 3.18 it can be proved that in

these cases Ce is stable. Multiple steady states and instabilities are pos-

sible when the flow rate (corresponding to cf) and the reaction rate (cor-
responding to F) balance each other. If either of the two rates predominates
the steady state is unique and stable.



III. CHEMICAL REACTIONS 69

As in the previous section it can be shown that the stability of the
steady state cS € A(cf) (under the perturbations Cqr c%)is equivalent to
the stability of the steady state cé € A(cé) under the perturbation Sy
which again is equivalent to the asymptotic stability of cé under pertur-

bation ¢, € A(cf)).

+
REMARK 4.8. It should be emphasized that, if ¢y € A (c%), corresponding
v . T
to , there is no point in A(cf) under the transformation c - cé = Vg,
c e A(c%). Therefore, it is not possible to give a differential equation

in terms of £ in the simples X(c%) analogous with (3.14).

Using lemma 4.4 and the Poincaré-Lyapunov theorem we can prove the

following theorem, the analogue of theorem 3.19.

THEOREM 4.9. Under the conditions of lemma 4.4, at least m of the 2m + 1

steady states of a given manifold are unstable.

EXAMPLE 4.10. Consider example 3.16. The simplex A(cf) is obtained by re-

placing o by Ce- The steady state equation is & = 8E(£). An appropriate

choice of f(c) gives the following picture.

£
£/0,
£/6,
£/6,
: £/6,
! 1
I
i ! I
I Il |
! |
| T L o E/0
. : | ; | I i
+ 1 ! | | | | | N
—_
~Cif gy By &g 885 % &t €9 Ep \ C2¢/% E

Figure 11
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When 6 is smaller than 62 or larger than 64 the steady state (e.g. 51,59)
is unique and stable. When 8 = 94, or 6 = 62, dg/dg = 1/86 and the index of

the points £4, EG is zero. For values of 6 between 92, 6, there are three

4
steady states. Steady states, such as ES have index -1, as df/d& > 1/6, and
are unstable. Steady states such as 53 and Eg have index +1, as

dg/dg < 1/6, and are stable.

Figure 12 shows the curve of steady states in the £ - 6 plane. From
this curve the regions of stability and instability are easily determined.

A point on the curve is stable if d¢£/d6 > O.

EAE L o
T‘gd

Figure 12
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IV. BIFURCATION AND STABILITY OF STEADY STATES
1. INTRODUCTION

In the present chapter we will be concerned with some special features

of equations
(1.1) F(x,A) = 0,

where F: Ifl x R > }51 is a continuous differentiable mapping. The problem
of finding solutions of (1.1) is called a nonlinear eigenvalue problem.
However, the reader should interpret this term with some care. In most ap-
plications the function F depends nonlinearly on the variable x, but lin-
early on the parameter A.

The distinction between x and )\ is made because of the interpretation
of F(x,)A) as the right-hand side of an autonomous differential equation

for x:
(1.2) — = F(x,A).

The independent variable t will be called time, since this is the terminol-
ogy encountered in most applications. Then x is the vector of state vari-
ables of the system, whereas A is a parameter describing the physical con-
figuration in which the evolution of the system takes place. Although in

a concrete situation the value of A may be known, we will study (1.1) and
(1.2) without any specification of A in advance. As a matter of fact our
interest ‘is primarily in changes of the qualitative behaviour of solutions

of (1.2) with variations in A.
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For a given value of A, the time independent solutions of (1.2) are
precisely the points X such that (x,)A) is a solution of (1.1). Time inde-
pendent solutions will be called steady states and the usual definition of
stability (cf. definition III.3.17) is appropriate.

Already it has been remarked in the first chapter that the number of
solutions of (1.1) may vary as A varies. Bifurcation analysis is concerned
with such variations, though under the restriction that only solutions in a
small neighbourhood of a known solution are studied.

The solution set of (1.1) can be analysed without any reference to the
differential equation (1.2), and in fact in sections 2, 3 and 4 no differ-
ential equation will occur. The interpretation of F(x,)\) as the right-hand
side of (1.2) only enters in the concept of stability. Discussion of sta-
bility of bifurcating solutions is postponed to section 5. There it will
be shown that bifurcation usually is accompanied by changes in the stabil-
ity character of the known solution, and thus by changes in the qualitative
behaviour of solutions of (1.2). As examples we will treat some uniform
open chemically reacting systems. In chapter III it was shown that such a

system can be described by a differential equation

1
(1.3) T + £(x).

By choosing A = % we obtain an equation of the form (1.2), where indeed
F(x,\) = £(x) - Ax is linear in A.

In this chapter the main tools will be the degree of a mapping (espe-
cially the index or local degree) and the implicit function theorem. Our
results will be of a qualitative nature, but we will also spend some time
on the (local) construction of solutions in the neighbourhood of a known
solution.

Although we limit ourselves explicitly to finite-dimensional nonlinear
eigenvalué problems, part of our motivation lies in the introduction of
concepts, ideas and methods of proof which will be generalized to mappings
defined on Banach spaces in a later chapter. It is hoped that by the re-
striction to the finite-dimensional case the technical difficulties are
minimized and that some of the underlying basic ideas are more easily dem-
onstrated.

Most of the literature on bifurcation theory deals with mappings de-
fined on Banach spaces and finite-dimensional problems are only used as

illustrations. Nevertheless we emphasize that for the preparation of this
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chapter we have frequently made use of STAKGOLD [1], SATTINGER [2],
KRASNOSEL'SKII [3], and FRAENKEL [4]. Finally we mention that most

examples in section 3 are taken from STAKGOLD [1] and PIMBLEY [5].

73
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2. FORMULATION OF THE BASIC PROBLEM AND SOME PRELIMINARY RESULTS

n
Let F: Ifl x R > R be a continuous mapping. We shall consider the

equation
(2.1) F(x,A) = O.

A solution of (2.1) is a pair (x,)) such that equation (2.1) is satisfied.

The solution set F-l(O) is defined by
1) = {(x,)) | F(x,A) = o}.

Now suppose there is an explicitly known simple curve
T = {(x(\),\) | a<i < b}

that belongs to F_l(O). The known curve T will be called the basic solution.

DEFINITION 2.1. A point A ¢ (a,b) is called a bifurcation point of (2.1)

0
with respect to T if in every neighbourhood of (x(xo),ko) there exists a

solution (x,A) not lying on T.

REMARK 2.2. Instead of bifurcation point the term branch-point is sometimes

used.

REMARK 2.3. Note that the definition emphasizes small neighbourhoods of
(X(AO) I>\0) .

Now the basic problem of bifurcation theory can be formulated as that
of finding the bifurcation points of (2.1) and studying the structure of
F-l(O) near such points.

As we will see the topological degree and the index of an isolated
solution are particularly well-suited instruments for obtaining results in
this direction. Existence and non-existence theorems are easily stated and
proved in terms of indices, without demanding anything else but continuity
of F(x,A). In order to obtain more detailed information one is forced to
use analytical tools which are constructive in nature. Then usually the
mapping F is supposed to be differentiable, or even analytical, and results

are stated in terms of derivatives.
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In its generality the basic problem is far too difficult and too exten-
sive (even in the finite-dimensional case) to be dealt with in this chapter.
So we will make from time to time important restrictions. But first of all
we prove a general theorem by means of simple topological arguments based

on degree theory.

THEOREM 2.4. If AO 18 not a bifurcation point with respect to T then the
index of x(\) Zs constant for all A in some neighbourhood of AO.

BBQQE: Since x(\A) depends continuously on A, for every € > 0 a 6(g) > O
can be found such that |A - AO[ < 8§(g) implies |[x(X) - x(ko)l < €. Assume
AO is not a bifurcation point. Then € > 0 can be chosen such that any
solution in the (n+l1)-dimensional ball with radius € and origin (x(xo),xo)
lies on T'. So for |\ - AOI < n = min(e,8(e)) there are no solutions (x,A)
with |[x - x(XO)I = ¢, and from theorem II.3.4 it follows that
deg(F(.,1),%,0) is constant for |A - XOI < n. Here Q denotes the open ball
{x | Ix - x(XO)I < €}. since for a given value A with |X - A0|< n, (x(\),X)
is the only solution of (2.1) in © it follows from theorem II.3.14 that
deg (F(.,X),8,0) = ind(F(.,A),x(}),0). O

COROLLARY 2.5. (4 sufficient condition for a bifurcation point)

Assume that every neighbourhood of the number )  contains two points A, and

0 1

Az such that ind(F(.,Al),x(Al),O) # ind(F(.,Az),x(Az),O), then AO i8 a
bifurcation point of (2.1) with respect to T.

We conclude this section with three one-dimensional examples.

EXAMPLE 2.6. Define F(x,A) = ax + bx2 - AX. One easily verifies by a homo-
topy argument that deg(F(.,X),Q,0) = 0, where Q is a sufficiently large ball.
Equation (2.1) has the two solution curves {(0,A) | X € R} and

{((A—a)b_l,k) | X € R} which intersect for A = a. At the point of inter-
section the value of the indices are interchanged as sketched in figure 1

for a, b > 0.
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x4
+1

+1

P

Figure 1

EXAMPLE 2.7. Suppose F(x,) = ax3 + bx - Ax. There are two solution curves:
{(O,A)lk € R} and‘{(x,ax2+b)lx € IR}. The two curves intersect at (0,b).

For a 0, b 0 the situation is as in figure 2.

xt -1

>A

Figure 2

At the bifurcation point A = b the index of the simple curve {(O,A)Il €e R}

changes. Note that the second curve is not simple.

2
"EXAMPLE 2,.,8. Define F(x,A) = x(x -)) (2x2~A). Solution curves and indices are

easily calculated and they are sketched in figure 3.
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Figure 3

Note that the index x = 0 does not change at the bifurcation point A = O.

So it is demonstrated that the sufficient condition of corollary 2.5 is not

a necessary condition.

REMARK 2.9. Qualitative pictures such as the figures 1, 2 and 3 are called
bifurcation (or branching) diagrams.
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3. LINEARIZATION

In the present section a hypothesis concerning the function F(x,A)

will enable us to obtain stronger results.

HYPOTHESIS 3.1. There exists a continuous differentiable function f(x) such
that £(0) = 0 and

(3.1) F(x,)\) = £(x) - Ax.

REMARK 3.2. A small remainder R(x,A) in (3.1) would not give rise to serious
complications, but with the present restriction the calculations are carried

out more easily and the applications we have in mind do meet (3.1).

Equation (2.1) can now be written as
(3.2) f(x) = Ax.

Henceforth the basic solution will be {(0,}) | X € R} and a solution belong-
ing to it will be called a trivial solution. So at first the problem is to
find the values of A for which there exist non-trivial solutions, i.e.
solutions with |x| # 0, in every neighbourhood. A first result in this

direction can be obtained from the well-known

THEOREM 3.3. (Implicit function theorem)

Let g be a function defined on an open set 9 c R x mk with values in R .
Assume that

(1) geci@,

(ii) g(xo,yo) =0,

(iii) the Jacobian nxn-matrix representing gx(x ) Z8 nom—singular

1Y,
(an equivalent statement is: gx(xo,yo): IS‘-P:RH has an inverse).
Then there exist numbers €,8 > 0 such that
(1) the neighbourhood v = {(x,y) | Ix-xol < g, Iy—yol < 8} of (xo,yo)
18 contained in Q and g, (x,y) has an inverse for every (x,y) € V,
(2) for every y with ly—yol < 8 there exists one and only one x = h(y)
with |x—x0I < € such that g(x,y) = 0,
(3) the function h obtained in this way 1s continuous differentiable for

, -1
Iy—yol < 8§and h'(y) = - 9y (h(y),y)gy(h(y),y).



IV. BIFURCATION AND STABILITY 79

A proof of this theorem can be found in DIEUDONNE [6, section X.2].
Returning to equation (3.2) we state the following

COROLLARY 3.4. (4 mecessary condition for a bifurcation point)
A number AO can be a bifurcation point of (3.2) only <if AO 18 an etgenvalue
of £'(0).

PROOF. If A is not an eigenvalue of f'(0) then FX(O,XO) has an inverse and

0
by the implicit function theorem there exists a unique solution (x(X),A)
for IX-AOI sufficiently small. Since we know that (0,A) is a solution for

every A there can be no non-trivial solutions for ]A—A sufficiently small.

ol

REMARK 3.5. £'(0)x = Ax is called the linearized equation and the eigen-
values of f'(0) are called the eigenvalues of the linearized equation.

By definition the spectrum is the set of eigenvalues.

Knowing that bifurcation points are elements of the spectrum of the
linearized equation, we might ask whether the reverse is true, that is,
whether every eigenvalue of the linearized equation generates a bifurcation
point. The answer is negative as follows from example 3.11 at the end of
this section. It is, however, possible to obtain a sufficient condition by
means of corollary 2.5.

But first we have to remind some definitions and results from linear
algebra. Let A be an nxn-matrix and p an eigenvalue of A. The algebraic
multiplicity of u is defined as the multiplicity of u as a zero of the
characteristic polynomial. An eigenvalue is called simple if its algebraic
multiplicity is equal to one. Denote the null space of a linear mapping L by
N(L), then clearly N(L) c N(Lz). The Riesz index r(u) is defined as the
least integer k such that N(A—uIn)k+1 = N(A-uIn)k. The subspace N(A—uIn)r(u)
is called the generalized eigen—space of the eigenvalue u. A standard
result of linear algebra states that the algebraic multiplicity is equal to
the dimension of the generalized eigen-space. Finally, the geometric multi-

plicity of u is defined as dim N(A—uIn).

THEOREM 3.6. (A sufficient condition for a bifurcation point)
If Ay s an eilgenvalue of odd algebraic multiplicity of £'(0) then Ao 18
a bifurcation point of (3.2).
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PROOF. Suppose AO is not a bifurcation point. Then the index of the trivial

solution remains constant for |[A-A_ | sufficiently small by theorem 2.4.

0
From theorem I1I.3.13 we know that ind(¥F(.,A),0,0) = sign det(f'(O)—XIn)
and since XO is an eigenvalue of odd algebraic multiplicity the index has

to change sign as )X crosses A So we have a contradiction. [J

o
The conclusion of theorem 3.6 can be extended somewhat. Since the
eigenvalues form a discrete set we can f£ind 8§ > 0 such that 0 < IA—XOI <8
implies A is not an eigenvalue of f'(0). Then by corollary 3.4, A cannot be

a bifurcation point for 0 < |A-A_| < 8. Choose n > 0 such that F(x,\) =0

0

has no non-trivial solutions for A = XO + § and |x| < n. Then

deg(F(.,XO—G),Q,O) = ind(F(.,AO—d),O,O)
# ind(F(.,XO+6),O,O) = deg(F(.,Ao+5),Q,0),

where Q is any open set contained in the bal {x | |x| < n} and such that

0 € Q. But then for some value A in the interval (AO-G,)\ +8) there has to be

a solution of F(x,A) = 0 with x € 3R (cf. theorem II.2.4), and we have shown
that the non-trivial solutions have the property that the intersection with
the boundary 930 of each open set Q containing zero and lying in a ball of
sufficiently small radius, is non-empty. The set of non-trivial solutions
is said to form a continuous branch near the bifurcation point AO.
The results we have obtained are local in nature. Rabinowitz has shown
that bifurcation from an eigenvalue of odd multiplicity is a global rather
than a local phenomenon. Again the basic tool is the degree of a mapping
but the existence of non-trivial solutions is proved without limitation to
small neighbourhoods. Define a continuum of solutions as a closed connected
set‘{(x,k)} satisfying F(x,A) = 0. The main result of Rabinowitz is the

following theorem, for the proof of which we refer to the original article [7].

THEOREM 3.7. If AO is an eigenvalue of £'(0) of odd algebraic multiplicity
then there ig a maximal continuum of solutions Ays containing non—trivial
solutions, such that (O,AO) € AO and either AO tends to infinity in R x R

or N_ meets a point (O,Al), where X\, 1s another eigenvalue of £'(0).

0 1

Having shown that the problem of finding the bifurcation points of a

nonlinear equation can be simplified by studying the linearized equation,
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we will demonstrate this principle by means of some simple examples.

EXAMPLE 3.8. Consider the equation 1 - e ®_xx =0, X, € R.

Then f(x) = 1 - e * and £'(0) is the identity mapping. Clearly the only
eigenvalue of £'(0) is A=1, and it is necessarily simple. So if X crosses
AO = 1 bifurcation must take place. The reader may verify this by finding

the solutions graphically.
In the remaining examples n will be equal to two.

EXAMPLE 3.9. Let

3 2

fl(xl’x2) = 8x1 + 6x1 + 12x1x2,

£.( ) = 4x. + 3x° + 6x.%x°
2 Xpr¥y) = 2%y 2 X%y

then

8 O
£'(0) = < ) .
0 4

From theorem 3.6 we conclude that A = 4 and A = 8 are bifurcation points.
The non-trivial solutions of (3.2) are in fact easily expressed explicitly.

Suppose xy = O then it follows that X; = %(A—4). Likewise we obtain for
5 = 0, xf = é(A-B), whereas the assumption X, # 0, x, # 0 leads to x§=-

X

OIrd

which is impossible.

EXAMPLE 3.10. (Secondary bifurcation)

Next we look at

3 2
fl(xl'XZ) = 16x1 + 12x1 + 24x1x2,
£.( ) = 12x, + 9x3 + 18x x2

2 ¥ %) T 2 2 2%1°

The bifurcation points are found to be A = 12 and A = 16 and the bifurcating

branches are given by X, = o, xz = =(A-12) and x, = 0, x2 = j—(k—lG) respec-

Ol

2 ! 122 4 5\
tively. But for A > 24 we also have the non-trivial solution X, = §(Z§_ 1),
xg = g(%%n-l). The latter solution bifurcates from the solution curve

' {(-1}-2—0\—16),)\) | A > 16} and this phenomenon is called secondary bifurcation.

The situation is illustrated in figure 4.
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12 16 24 >A

Figure 4

It is left to the reader to check that A = 24 is an element of the spectrum
of the equation obtained by linearizing F(x,)) about the solution curve
from which the secondary bifurcation takes place. Finally, it is worth-while
to notice that the functions f in this and the preceding example can be

obtained from each other by multiplication with a constant factor.

In the examples presented thus far all eigenvalues were simple. The
remaining examples will show that in the case of an eigenvalue of algebraic

multiplicity greater than one a wide variety of possibilities may occur.

EXAMPLE 3.11. (No bifurcation from a double eigenvalue)
Let f(x) be defined by

fl(xl'XZ) = X + x
f2(x1,x2) = X

Then

0 1
£'(0) = ( ):
0 O

showing that A = 0 is a double eigenvalue. Equation (3.2) has no non-trivial

solutions, for suppose

2
Xl(A-xl) =x,
2 3
xz(l—xi) =-x
and x> 0, then it follows from the first equation that sign x, = sign(l-xf),
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whereas from the second equation it follows that sign X, = sign(xf-k).
A similar contradiction is obtained by supposing X, < 0. Finally, if X, = 0
then the conclusion X, = 0 is immediate.

From theorem 2.4 we know that the index of the trivial solution has to
remain constant as A crosses zero. Explicitly we have ind(F(.,X),0,0) =
sign Az.

In the present example the geometric multiplicity of the double eigen-

value is equal to one.

EXAMPLE 3.12. (A single branch emanating from a double eigenvalue)

Consider f(x) given by

x, + 2x X ’

fl(xl'x2)
_ 2 2
f2(x1,x2) = x, + x, + 2x%,.

Obviously A = 1 is the only eigenvalue of the linearized equation. The set
1= o, x, = 1 (x-1),

A € R}. For all values of A the trivial solution has index one and the

of non-trivial solutions consists of the line {(x,}) | x

non-trivial solution has index zero.

EXAMPLE 3.13. (Two branches emanating from a double eigenvalue)

Suppose f(x) is defined by

fl(xl'XZ) = x, + axl(x +x_),

1

+x.),

N PN
NN NN

B lxprxy) = %)+ %, (x

where the constant a is chosen to satisfy a > 1. A = 1 is a double eigen-

value and the non-trivial solutions are found to be given by xf = i(k-l),
x2 = 0 and X = o, xg = A -1. The indices are noted in the bifurcation

diagram figure 5.
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+ x| = Vx2 + xg

+1

+1 +1

1 A

Figure 5

EXAMPLE 3.14. (4 continuum of branches emanating from a multiple eigenvalue)
Consider the preceding example but now with a equal to one. Then the prob-

lem of finding non-trivial solutions reduces to solving the single equation

The solutions form the surface of a paraboloid of revolution about the
A-axis. Note that a bifurcation diagram of |x| versus A would not show the

existence of the continuum of branches.
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4. CONSTRUCTIVE METHODS

The examples presented thus far have in common that the bifurcating
solutions can easily be found explicitly. This is due of course to the
selection of examples we made. In general the bifurcating solutions are
only implicitly defined.

In the present section we will discuss a method by which (2.1) is
carried over into two simultaneous equations, the decomposition being such
that, near the bifurcation point, one of the equations has a unique solution.
In a special case the remaining second equation can be solved by elementary
means. The method goes back to Lyapunov and Schmidt and it was developed as
a tool in the study of nonlinear integral equations.

Again we will make some important hypotheses by which the generality
of the problem is reduced. They will be stated at the moment they become

essential.

4.1. PSEUDOINVERSE, DEFINITION AND APPLICATION

The starting-point is an equation
(4.1) f(x) - xx =0, f e Cl, £(0) = 0,

and an eigenvalue of f'(0), XO say. The goal is information about the

solution set of (4.1) near (O,AO).

First of all (4.1) will be written in a more suggestive way. Define

(4.2) r(x) = £(x) - £'(0)x,
then of course |r(x)| = o(|x]) as |x| » 0. Furthermore, we write
(4.3) A= AO + T
and
(4.4) L =£f"(0) - A.I.
0"n

Then L is a linear mapping which is not invertible, and equation (4.1) is

equivalent to
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(4.5) Lx = h(T1,x),
where
(4.6) h(t,x) = ™x - r(x).

Now suppose the geometric multiplicity of AO to be k < n. Then the null
space N of L has dimension k and the range R of L has dimension n-k. But
the subspaces N and R need not be complementary (two subspaces M and E are
said to be complementary if for every x € R" there are uniquely determined
elements y and z of M and E respectively such that x = y + z; we then write
Igl =M® E). In fact if the Riesz index r(ko) is not equal to one, then for
y € N(L2)\N it follows that Ly ¢ N n R.

By definition (4.5) has solutions if and only if h ¢ R, or equivalently,
according to the well-known Fredholm alternative, h i N*. Here N* denotes
the null space of L*, the adjoint of L defined by <y,Lz> = <L*y,z> (in terms
of real matrices the adjoint is the transpose). If h belongs to R, then

there are many solutions, any two of which differ by an element of N.

Choose two subspaces M and E such that R® = M ® N and R = E ® R.
Then we can define a linear mapping L_1: Ifl->IRn, which is called a
pseudo-inverse of L,by
1

L " h=y if h = h, +h, with h1 e E, h, € R and

y € M is such that Ly = h,.

Note that indeed for h, € R the solution of Ly = h_, is uniquely determined

2
by the extra conditionzy € M. The pseudoinverse depends on the choice of M
and E. A possible choice is M = N' ana E = R:.
Define projections P and Q on N and M respectively (Q = I-P) and write
for x € R, x = p+q with p = Px ¢ N and q = Ox € M. Choose a basis

¢:,...,¢; for N*. Then any solution of (4.5) must satisfy

(4.7a) <h(T,p+a),6}> = 0, 1= 1,....k,

(4.7Db) Lg = h(Tt,p+q).

Conversely, if p € N and q € M satisfy (4.7 a,b) then x = p + g satisfies

(4.5). The consistency condition (4.7a) is called the bZfurcation equation.

In view of (4.7a) we may apply the pseudoinverse to the left- and righthand
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side of (4.7b) yielding
-1
(4.8) g =L "h(t,p+tq).

So far nothing has been said about "small" solutions and in fact all
transformations are valid without restriction. But the equation (4.8) can

be written as
(4.9) G(gq,p,t) = 0,

where G: M x N x R > M is a C1 mapping and Gq(0,0,0): M - M is invertible.
So from an obvious variant of theorem 3.3 we conclude the existence of a

C1 function q = §(1,p), such that §(t,p) is the only small solution of (4.9)
for t,|p| sufficiently small.

Finally, by substituting q = §(t,p) into (4.7a), we obtain k nonlinear
equations in the unknowns T and p, where T is a scalar and p is an element
of a k-dimensional subspace. Thus the original n-dimensional system reduces
to a k-dimensional system. This last problem, which is in general quite
complicated, falls outside the scope of this chapter. For a survey of

methods by which results can be obtained we refer to SATHER [8].

4.2, LYAPUNOV-SCHMIDT EQUATIONS

The analysis of the foregoing subsection can be simplified somewhat

in the special case of Riesz index one.
HYPOTHESIS 4.1. r(ko) = 1.

The hypothesis implies that R and N are complementary subspaces, so
we can take M = R, E = N. Then P and Q are projections on N and R respec-

tively.

THEOREM 4.2. L commutes with P (hence with Q) and (4.5) is equivalent to
the pair

(4.10a) Ph(t,p+q) = O,

(4.10b) Lg = Qh(t,p+q).
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PROOF. PLx = O since Lx € R and LPx = 0 because Px ¢ N. Applying P to (4.5)
we obtain (4.10a) whereas (4.10b) is obtained by applying Q. The converse
follows by adding (4.10a) and (4.10b). [

The equations (4.10a,b) are called the Lyapunov-Schmidt equations. As

in subsection 4.1 it follows that (4.10b) has a unique small solution.

4.3. BIFURCATION FROM A SIMPLE EIGENVALUE

As a matter of fact our efforts have not yielded any concrete informa-
tion concerning F—l(O) since we are still left with the k-dimensional

bifurcation equation. In the special case k=1 this problem becomes manageable.

HYPOTHESIS 4.3. The eigenvalue A  is simple.

0

*
Choose vectors ¢ and ¢* in N and N respectively, such that <¢,¢*>= 1.

Then Px = <x,¢*> ¢. Now write

*
(4.11) o = <x,¢ >
and recall (4.6), then (4.10a,b) become
(4.12a) ot - <r(a¢+q),¢*> =0,
(4.12b) ILg = 1q - Qr(od+qg).

Note that (4.12a) is a scalar equation.

We intend to solve T and q as functions of a, but first some remarks
on the construction of solutions are in order. The unique solution in
theorem 3.3 can be constructed by the method of successive approximations,
which in this case is equivalent to Newton's method. However, to obtain
qualitative local information asymptotic approximations based on Taylor's

formula are better suited. Therefore, we state an extension of theorem 3.3.

THEOREM 4.4. If the assumptions of theorem 3.3 are verified, and if in
addition g 18 m times continuous differentiable in Q, then h is m times
continuous differentiable in a neighbourhood of Y- If g 28 analytic in Q

then h 18 analytic in a neighbourhood of Yo

For the proof of theorem 4.4 we again refer to DIEUDONNE [6, section X.2].
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REMARK 4.5. For the actual construction of the Taylor expansion of h the
method of undetermined coefficients can be employed. The derivatives of
g(h(y),y) of order up to m have to vanish at y = Yqe So the derivatives of

h(y) at y = Y, can be found successively.

The next hypothesis we make concerns r(x). We know |r(x)| = o([|x]),

but we need a sharper estimate.
HYPOTHESIS 4.6. |r(x)] = o(|x12) and r'(x) = o(|x]|).

The latter statement has to be understood as Ir'(x)y! = o(lx|) for

every y € R". Note that the hypothesis is trivially fulfilled if f € C2.

THEOREM 4.7. There exists € > 0 such that (4.5) has a solution
T = 1(a), x = ap + g(a)

for la| < e, and this is the only non-trivial solution for |tl, |Px| and
lox| sufficiently small. Moreover, * and § are continuous differentiable on
(-e,e) and t= O(a), § = O(az), §' = 0(a) for a » O.

PROOF. We know already that (4.5) is equivalent to the pair (4.12a,b) and
that (4.12b) has a unique small solution §(t,0) which is continuous differ-
entiable. Since Qr (a¢+qg) = Qr(a¢d) + QOr'(ad)g + o(lgl) and since L - T is
invertible for Tt sufficiently small, we concludé from the assumed asymptotic

2
properties of r(x) that §(tr,a) = O(oa ). Likewise we obtain from

]
flo!

(L—T + Qr'(a¢+€1))qT &

(L—T + Qr'(a¢+§)>§a - Qr' (a¢+d) ¢,

2 ~
the estimates qT = 0(a’), qa = 0(a).

Substitute §(t,a) into (4.12a) then either o = 0 or

*
(4.13) H(-[’(),) =T - fwtx__;q_)_'ii = 0.

Since HT(O,O) is the identity mapping (here the asymptotic estimates are
used), the implicit function theorem may again be applied. Now with
T = 7(a), the unique small solution of (4.13), and G(a) = §(T(a),a) the

results follow at once. [J
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REMARK 4.8. Since [q| = O(az) the mapping o - |x(a)| is invertible for a
sufficiently small. So we can parameterize the solution with [x| as well,

and in fact this approach is very common in bifurcation problems.

4.4. INITIAL SHAPE AND INDICES

In theorem 4.7 an existence and uniqueness result is stated, but the
method of proof is in fact constructive. The coefficients of a Taylor ap-
proximation of T and § can be calculated up to the order of differentia-
bility of r(x). Especially the first non-zero term in the Taylor approxima-
tion of T is important since from this term the initial shape of the
bifurcating solutions follows.

Now formally assume f(x) to be many times continuous differentiable
and suppose the first term in the expansion of r(x) to be fm(O)xm, m 2> 2,
Then, since § = O(az), the first term in the expansion of T is found to be
am—l <r(¢),¢*>, and the initial shape follows from the signs of <r(¢),¢*>
and (—l)m (see figure 6). If <r(¢),¢*> = 0 we have to go to higher terms.

Clearly it may happen that T(a) = O for |a] < § < €. Then the bifurca-
tion is said to be vertical. If f£(x) is linear the bifurcation is vertical
but in the nonlinear case it can be as well.

We intend to determine the indices of the bifurcating solutions from
the known index of the trivial solution. If the bifurcation is vertical
then the index is not defined since solutions of F(.,A ) = 0 are not iso-

0
lated. So again we make a hypothesis.

HYPOTHESIS 4.9. The bifurcation in XO is not vertical.

Now for sufficiently small € > O we can find 8(e) > O such that [x|=¢

and |t| < 8(e) imply F(x,A0+T) # 0. Therefore, deg(F(.,Ao+r),Q,O), where

© is the open ball with radius e, is defined and constant for |t| < §(g).
In order to write the degree as a sum of indices all solutions have to be
isolated. Although the bifurcation is not vertical, it is still possible
that for every e > O there are non-isolated solutions of F(.,Ao+r) with

|x] <€, |1l < 8(e). By definition we call Ag @ regular bifurcation point
if there exists € > 0 such that AO + T(a) is not in the spectrum of
£'(x(a)) for O < |aj < e. The next theorem provides us with a useful

criterion for a regular bifurcation point.
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Figure 6
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THEOREM 4.10. AO 18 a regular bifurcation point if and only if there exists

€ > 0 such that t'(a) # 0 for 0 < ja| < e.

PROOF. The notation is the same as in the proof of theorem 4.7.

From H(T(a),a) = 0 it follows that HT(T(a),u)?'(a) + Ha(f(a),a) = 0. Since
HT(T,O) = 1 we have HT(T,a) # 0 for a sufficiently small. So t'(a) # O if
and only if Ha(T(a),a) # 0 or equivalently

T - <r'(a4+@)9,97> - <r'(a¢+3)q ,¢"> # 0.

On the other hand we have that AO + T(a) is in the spectrum of f'(x(a)) if

and only if there exists v # O such that (L-1 + r'(x(a)))v = 0. Write -

v = B¢ + g with g € R and apply the projection Q. Then
(L-T + Qr'(x(a)))g = - Qr' (x(a))BR9,

and this is true if and only if g = Bqu and thus v = Bx(a). Likewise

application of P yields
*
- 18 + <r'(x(a))Bx(a),$ > = 0O,
and this is true if and only if
* *
T - <r'(ap+@),¢ > - <r'(a¢+@)g ,¢ > = 0. 0

REMARK 4.11. If t'(0) # O for 0 < |o| < € we can invert %(a) and each

subbranch can be expressed as a continuous differentiable function of A.

HYPOTHESIS 4.12. AO is a regular bifurcation point.

Now € can be chosen such that all solutions of F(.,A.+1) = 0 with

|x] < & are isolated and have index plus or minus one. Sigce the index of
the trivial solution changes sign at T = 0 and since the sum of indices has
to remain constant, the indices of the non-trivial solutions follow at
once. In figure 6 the case where the trivial solution has index minus one
for 1 < 0 is shown. The other possibility is obtained by multiplying all

indices with minus one.



IV. BIFURCATION AND STABILITY 93
5. STABILITY OF BIFURCATING SOLUTIONS

In the introduction the study of the solution set of F(x,\) = 0 was
motivated by the interpretation of F(x,)A) as the right-hand side of a dif-
ferential equation for x. At first sight, our results so far seem hardly
useful in connection with differential equations, but in this section our
domain of interest is extended to stability of solutions, and our previous

results will turn out to be applicable very well.

5.1. DEGREE THEORY AND LINEARIZED STABILITY

In chapter III section 3.4.2 the famous Poincaré-Lyapunov theorem was
discussed. This theorem asserts the validity of the principle of linearized
stability. So we have on the one hand a connection between the eigenvalues
of the Jacobian matrix and stability, on the other hand we have a connec-
tion between the index and the eigenvalues (see theorem II.3.13). This is
the keystone for the application of degree theory to stability analysis,
and it forms the basis of some results in chapter III (cf. theorem III.3.19).
In the case of regular bifurcation from a simple eigenvalue the relation
between the index and stability becomes particularly simple, and stronger
results are possible (see SATTINGER [9] for the original results).

If the solutions of F(x,)A) = 0 are the steady states of some physical
system, then a particular interesting situation occurs if the trivial solu-
tion is stable for A less than some critical value XO, but becomes unstable

when A is increased beyond A In this connection non-trivial solutions for

o
A > AO are called supercritical and non-trivial solutions for A < AO sub-

eritical.

THEOREM 5.1. Suberitical branches are unstable, supercritical branches are
stable.

PROOF. In section 4 it was shown that the bifurcating solutions constitute
two subbranches which meet only at (O,AO). Denote one of them by x(A). Then
x(A) is defined on an interval J, with either J = [XO,AO+6) or J= (AO—G,AO].
Denote the eigenvalues of f'(0) - AIn by ul(A),...,un(A) and those of

£ (x())) - AIn by cl(A),...,cn(A). The eigenvalues are continuous functions
of A and so for A > A _ we have oi(A) > ui<Ao), i=1,...,n. Since A, is a

0 0

simple eigenvalue of f'(0), one of the eigenvalues, u, say, has to be zero

for A = AO' and there exists €, > 0 such that for IA—AOI < gy ul(A) is real
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and for A € J also oi(k) is real (recall that nonreal eigenvalues occur in

complex conjugate pairs only). From the assumed stability of the trivial

solution it follows that Re ui(ko) < -8"<0,1i=2,3,...,n and hence there
L

1
exists 62 > 0 such that Re ui(k) < - é— < 0 and Re oi(x) < - é— for A € J

2 2
and lA—AOI < €.. Therefore, for A € J sufficiently close to AO

2
we have

sign uz(k) eee un(A) = sign OZ(A) .ee Gn(l).
In section 4 we showed that

ind(F(.,),x(}),0) = - ind(F(.,A),0,0)

and thus
sign ul(k)uz(k) . un(A) = - sign ol(A)Gz(X) e on(A).

Therefore, ul(k) and cl(A) must have opposite signs. [J

REMARK 5.2. Theorem 5.1 can be proved by perturbation methods as well. Then
the first term in a formal perturbation series for the critical eigenvalue
has to be calculated. But the success of this approach depends on the non-

vanishing of coefficients and the procedure is rather technical.

REMARK 5.3. From a mathematical point of view the restriction to bifurcation
from a stable trivial solution is rather inessential. Suppose the trivial
solution to be a saddle point of type (k) for A < AO (i.e., all eigenvalues
of £'(0) - XIn have nonzero real parts, k of which are negative). Then with
both the trivial solution and the bifurcating solutions we can associate
stable and unstable manifolds (see HALE [10, section III.6]) and the contents

of theorem 5.1 can be expressed in terms of dimensions of these manifolds.

5.2. CONTINUOUS-FLOW STIRRED TANK REACTORS

In chapter III a model for a chemical system involving both transport
and chemical reactions was discussed. For such an open system the conserva-
tion equations for the chemical species are written as (cf. (2.6) on p.45)

dc

(5.1) Fr

D =

(cgmc) + VE(e).
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The first term on the right-hand side is due to input and output streams,
whereas the second is a source term due to chemical reactions. The holding
time 6 is a characteristic quantity for the mutual proportion of transport
and reactions. From the definition (cf. p.45) it follows that the constant 6

is adjustable.

We consider the case of constant inflow, i.e., the feed state c_ is a
.

constant vector. As in section III.4 we define

(5.2) c-cp = vTE, £ € RF,

and we study henceforth the steady state equation

(5.3) £(8) - z £ = 0.

DI =

A question that arises naturally from the discussion of closed and
open systems in chapter III is the following. Suppose the feed state Ce

is an equilibrium solution of the corresponding closed system, then Ce is

a steady state also. But how about the stability of c_ as a steady state?

Does the stability depend on 62 If it does, what happzns in case of tran-
sition to instability? Are there steady states close to cf?

Mathematically this means we are assuming E(O) = 0 in (5.3) and we
are interested in bifurcation as 6 varies. Hence the question fits the
framework of this chapter and we underline this by writing

(5.4) =i, &=x, f->f£.

D=

Moreover, we assume f to be continuous differentiable.

The theory of the foregoing sections enables us to give immediately
a partial answer to the question. From corollary 3.4 we know that bifurca-
tion points are elements of the spectrum of the linearized equation, and
from theorem 3.6 it follows that every simple eigenvalue is indeed a bifur-

cation point. Now suppose that c_ is a stable equilibrium point, then all

£
eigenvalues of f'(0) have negative real part and since A is positive the

eigenvalues of f£'(0) - AII share this property. Hence ce is a stable

steady state for all values of A.

Suppose on the contrary that c_ is an unstable equilibrium point, then

£
at least one of the eigenvalues of f'(0) has positive real part. Denote by
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AO the eigenvalue with greatest positive real part and assume AO is real and

simple. Then bifurcation takes place as A crosses A is

. The steady state Ce

0
stable for A > AO and unstable for A < XO. Moreover, theorem 5.1 holds.

REMARK 5.4. One might ask what happens if two complex conjugate eigenvalues
of £'(0) - XIr cross the imaginary axis, for then clearly the stability
character of the trivial solution changes as well. This question falls out-

side the scope of this chapter but it is the subject of the following one.

Next we present two concrete examples. The first is one-dimensional
and the emphasis is on gemometric interpretation. The second is two-dimen-
sional and it serves as an exercise in the application of the techniques

of section 4.

EXAMPLE 5.5. Let the graph of f(x) have the form shown in figure 7.

+£ (x)

PN
N N

Figure 7

The solutions of (5.3) are the points of intersection of the graph of f(x)
with the line Ax. We have bifurcation of the trivial solution x = 0 as the
tangent of f(x) at x = 0 coincides with Ax. The initial shape of the bifur-
cating solutions can be found from a more detailed geometric inspection,
but this is left to the reader.

Assume f to be many times differentiable. Analytically we have as a
condition for bifurcation £'(0) = A, and by writing r(x) = £(x) - £'(0)x,

A = £'(0) + T, we obtain the equation 1x = r(x). The solutions are x = 0

and T = r(x)x_l. The latter solution can be expanded formally

£"(0) £77(0) 2
R T

eee g

and some possibilities are illustrated in figure 8 together with the cor-
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responding stability character.

tx tx
S
™
u ’ s u S s
-z @ - === i\ >T
s
__//
S
£"(0) > 0 £"(0) <0
+x tx
S
B
N
’
S u / S
>T \‘ >T
..-//
S
£7(0)=0, £"'(0) < O £7(0)=0, £"(0) > 0

Figure 8

EXAMPLE 5.6. In example III.1.1 and example III.3.6 the reactions

2NO2 - N204 =0,

1]
o
<~

2NO + 02 - 2NO2

were considered. Now let the rate functions be given by

H

L}
~
[¢]

w

|
~
0]

with
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and consider the open system with feed state

8'» Nl= Wi Nl

Then indeed fl(cf) = f2(Cf) = 0. In terms of the extent vector x defined by

T

V'X = ¢ - c_ the steady state equation becomes

£
Tx, - 2%, + 4(x, - )2 -2 =0
1~ %2 *17%2 *1 ’
2 1.2 3 _
2x1 + 4x2 - 4(x1-x2) + 5‘x2 + 4$x2 - sz = 0.
Clearly,
7 -2
£'(0) = ’
-2 4
and the eigenvalues are XO = 8, Al = 3. Hence the steady state x = 0 is
stable for A > 8, but becomes unstable as A crosses the simple eigenvalue
A = 8.
0 8

The null space N of the linear mapping

-1 -2
L=€£"'(0) -AI

072 -2 -4

is spanned by the unit vector

=70 (_21>,

and since L is self-adjoint (i.e., symmetric in the case of real matrices)
*
¢ is a basis vector for the subspace N' as well. The range R of L is spanned

by the unit vector

%)



IV. BIFURCATION AND STABILITY 99

and the projection Q on R is defined by Qx = <x,y>y.

Furthermore, we have, with h(t,x) = ™x - r(x) = ™ - (£(x)-f'(0)x),
h, (1,x) = -4(x-)2
P =Ty 17%2)
2 2 3
= - - 5l - 4}
hz(r,x) X, + 4(x1 x2) SI.X2 4zX2-

, 1 1
Now with T = XA - AO' o = <x,¢> = 7= (2x1—x2), B = <x,¥> = 7= (x1+2x2). the

steady state equation can be written as (compare (4.12a,b))

. 2 2 3
ar - 12 (3a-8) 54 (ZB—a\ 4} (2B—a\ o,

~w2\E) TAEE) TR
_ 4 (30-8\% 10} (28-0)\® 9 (28-a)>
5B = T8+ 5(75*/ AN '/5(75' '
or, equivalently,

-100at + 411\@'&2 - 204V/5a8 - 36@62 + 180L3 - 108(126 + 216820. - 14483 =0,

-2508 = 5018 + 51@(12 + 36/508 - 76@82 + 180L3 - 1080L26 + 216620L - 144{33.

The latter equation can be solved for B as a function of o and T.

Substitute
v k 1
B = z €yt @

k,£=0
k+£#£0

and equate coefficients. We obtain

51 2 51 2. 468 3
B =- 355 V/50° + 550 /50T + e2eg @t oeee -

Notice that indeed B = O(az). The former equation yields a = 0 or

-10071 + 411/54a - 204/58 - 36/58%a 1 + 1802 - 10808 +

+ 21682— 14433@‘1 =0,

or, after substitution of the power series for 8,
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1 5652 2
T = TBB-{411/€Q + 55 O + ... ).

Finally, the results in terms of o, B and T can be translated into results
in terms of xl, x2 and A be executing all transformations backwards.

Qualitatively the outcome is sketched in figure 9.

8 >A

Figure 9

The non-trivial solution is unstable for A > 8 and stable for A < 8. If

required, the concentrations c c c, and c, can be calculated from

17 72" 73 4

(o] c. = \)TX
£ .

From a chemical engineering point of view our discussion of the con-
tinuous-flow stirred tank reactor is rather incomplete and the examples
are artificial. The following remarks are intended to show that the anal-
ysis is applicable to more realistic systems as well. Consider an open
system and regard the temperature T of the system as a state variable.
In commonly encountered situations the reactions are controlled by a cooling
mechanism and, in a first approximation, the cooling is proportional to the
deviation of the reactor temperature from that of a desired temperature
(for instance if a cooling fluid of constant temperature is used).

Consider one reaction, then the differential equations look like (cf.

GAVALAS [11, p.29] and ARIS & ADMUNDSON [12])

da 1
d—’é—= - § X+ F(x,T),
AT

1 ’
i 6(Tf—T) + XF(x,T) + Q(T).
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The constant K is a measure for the heat produced by the reaction, and
Q(T) is the amount of heat per unit time which is exchanged with the cooling

fluid. The steady states follow from
x = OF(x,T),
KOF (x,T) = T - Tf - 6Q(T).
For fixed 6 the first equation can be solved for x as function of T.

As pointed out by ARIS & ADMUNDSON [12] the result is generally sigmoid

in shape. Next we solve the second equation graphically in the special
case Q(T) = 0.

T—Tf
C Kx(T)
B
|
!
1
Tf TB - T
Figure 10

As in figure 10 there usually are three steady states A, B and C. Clearly
the steady state B is unstable. However, the naturally unstable steady
state B might be interesting from an industrial point of view. So suppose

the function Q(T) is given by
Q(T) = A(TB—T), A > 0.

The steady state equation becomes
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= (146 - - .
Kx (T) (1+6M)T T, - 0T,
The right-hand side corresponds to a straight line through B with slope
1 + 6A. For X sufficiently large B is the only steady state and B is stable.
If )\ decreases B becomes unstable as OA crosses Kx'(TB) - 1. It should be
clear that this kind of problems can be analysed in more detail by the

methods described in this chapter.
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V. BIFURCATION OF PERIODIC SOLUTIONS AND A MATHEMATICAL MODEL FOR THE
STRUGGLE BETWEEN ANTIGEN AND ANTIBODY

In the present chapter we give an example of branching of a set of
periodic solutions from a constant solution of a differential equation.
This happens when the stability character of the constant solution changes
by virtue of a complex conjugate pair of simple eigenvalues of the linear-
ized equation crossing the imaginary axis. As general references for this

chapter we mention BELL [1] and PIMBLEY [2] and [3].

1. INTRODUCTION

Since their introduction by Volterra and Lotka, simple mathematical
models of interacting populations have been of interest not only because
of the mathematical problems they pose, but also because they may indicate
important features of the interactions and how these are reflected in tem-
poral variations of the populations.

The infection of an animal with replicating material, such as bacteria,
foreign cells, or virus, may produce an immune response. The foreign mate-
rial provoking the response is called antigen and the immune response it-
self is characterized by the production of antibodies which are molecules
that specifically bind to the antigen and hasten its destruction and re-
pulsion by the animal. Apparently the antibodies are produced by certain
cells in the animal which recognize the antigen as foreign material and
are thereby stimulated to produce antibodies. For biologicai details see
BELL [1] and references in -this paper.

The immune response to a replicating antigen may be viewed as a prob-

lem with interacting populations of antigen, antibodies, and the cells
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which are involved in the production and in the effects of the antibodies.
A detailed representation of such an immune response would be exceedingly
complex; many different kinds of cells are involved and the antibody pop-
ulation is quite heterogeneous.

In this chapter we consider a simple model involving two populations.
As a mathematical tool to prove the existence of a branch of periodic so-
lutions in the neighbourhood of an equilibrium point we use a theorem of
Friedrichs (section 3). In section 6 we describe the possibilities of the
existence of periodic solutions in the two-dimensional case using the
Poincare-Bendixson theorem, which is given in section 3. In section 7 we
discuss our results in biological terms and we give some remarks on a

three-dimensional case.
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2. THE MATHEMATICAL MODEL AND APPROXIMATE EQUATIONS

This section is devoted to a model involving two populations, namely
the antigens and the antibodies; antigen plays the role of prey and anti-
body the role of predator. Let Ag denote the concentration of antigen and

Ab the concentration of antibody. We make the following assumptions.

ASSUMPTION 2.1. Each unit of antigen has only a single site for binding

antibody, and each antibody can bind only a single antigen site.

ASSUMPTION 2.2. When antibody is not present the antigens will replicate
and multiply in number with a rate constant Al.
ASSUMPTION 2.3. If an antigen is bound to an antibody, it will be elimi-

nated with the rate constant al.

Thus, if (Ag)b denotes the concentration of bound antigen, we have as

a first equation

Py
(2.1a) =X Ag - al(Ag)b.

dt 1
An equation as simple as the above equation for the antibody is much less
obvious since in fact the antibodies are produced by cells which have been

stimulated by antigen.

ASSUMPTION 2.4. In the absence of antigen the antibody concentration will

decay with rate constant A_, while binding of antigen to antibody stimu-

2

lates the production of antibody with rate constant a In addition, the

9°
capacity of an animal to produce antibodies is clearly limited.

ILet 6 denote a limiting antibody concentration which cannot be ex-

ceeded by the animal. Then we present as a second equation

ary
(2.1b) T =—>\2Ab +a, (Ab)b (1—Ab/6) ’

where (Ab)b denotes the concentration of bound antibodies.

b’ (Ag)k and (Ah)g’

and two differential equations. The remaining two relations between the

So far, we have introduced 4 state variables Ag, A

state variables follow from assumption 2.1, which insures that
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(2.2) (Ag)b = (Ab)b
and from the following assumption.

ASSUMPTION 2.5. There is chemical equilibrium between bound and free an-
tigens and antibodies. The binding has an association constant k and the

law of mass action states that

(2.3) (Ag)b = (Ab)b = k{Ag - (Ag)b} {Ab - (Ab)b}.

It may be noted that Ag - (Ag)b and Ab - (Ab)b are the concentrations of

unbounded antigens and antibodies respectively.

By writing (2.3) in the form

kAbA

_ g
(2.4) (BA)y = T+k (A8 ) k(B

and by neglecting the last term in the denominator we obtain the approx-

imation

% kAbA

(2.5) @)X = )
b k(A A
Ay T+ (B )

The error made in using (2.4) will be to underestimate (Ab)b, but never by

more than a factdr 2. This follows from the following lemma.

LEMMA 2.6. Let (A,) and (Ab): be given as in (2.4) and (2.5) respectively.

Then for any positive value of k we have

*
1 < <
Z(Ab)b s (Ab)b < (Ab)b.
PROOF . (Ab)b can be solved from the quadratic equation given in (2.4) and

it is given by

2kAgAb

7 T
1+k(Ag+Ab)+k{(Ag+Ab+1/k) —4(AgAb}

(A)y =

from which the proof easily follows. []
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REMARK 2.7. If k is small, then, as follows from (2.4) and (2.5), we have
*
(Ab)b = (Ab)b (1+0(k)), k » 0.

In the remaining part of this chapter the quantities (Ab)b and (Ab);
are identified with each other. The resulting differential equations share
certain qualitative features with the differential equations we should ob-
tain if we were to use the exact expression for (Ab)b. They have the same
number, kind and arrangement of singular points. They suffice for a quali-
tative investigation.

On letting

-1

kA.b=X, kAg=YI k6 = vy

(2.1a,b) will be written as

ax _ _ X (q-
(2.6a) ac - Azx + o, Texty (1-yx),
(2.6b) dy _ v -a —X_
- dat 1 1 l+x+y °
Competition between the two populations can be effective only if %y > Xl'
and a2 > Al’ for if a1 < Al' y could never decrease while if a2 < A2’ b4

could never increase. Therefore solutions will be sought for

> .

(2.7) oy > Xl' ay Az

In the next sections the qualitative behaviour of solutions of
(2.6a,b) will be studied and especially the dependence of the qualitative
behaviour of solutions with respect to the parameters Oyr az, Al' xz and
Y. A special case is y = 0, that is, 8 = =, which means that the antibody
production is unlimited.

The solution of the differential equations (2.6a,b) will be discussed
in the quarter plane

2

m+={(§>|x>o,y>0}.

on the boundary of this domain the solutions of (2.6a,b) satsify
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¥ _ 5 = = _ 5 -
3% 0 if vy o, 0 if x = 0.

2
It follows that no solution of (2.6a,b) with initial value in ]R+ can pass

the lines x = 0, y = 0. Note that only ]Rf is of physical (biological)

interest.

REMARK 2.8. In ]Ri the right-hand sides of (2.6a,b) satisfy the conditions
for existence and uniqueness of solutions with initial values in IR+. See

HALE [4, chapter I, theorem 3.1].
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3. MATHEMATICAL PRELIMINARIES

Throughout this chapter we will be concerned with the differential
equation
ag

(3.1) Fried F(E,B),

x)

where £ = (y} , F: IRf_ x R > ]R2 is given by the right-hand sides of
(2.6a,b) and B € R is composed of the parameters Xl' Az, al, a2 and Y.
In chapter IV some features of equilibrium points of this type of differ-
ential equations were treated. The aim of the present chapter is to say
something about periodic solutions of (3.1).

Let us recall that an equilibrium point EO is defined as a solution
of the equation F(g,B) = 0, and that the stability of 50, as a solution of
(3.1), will be determined by the sign of the real parts of the eigenvalues
of the Jacobian matrix F'(SO,B), the derivative of F(.,B) with respect to
£ at 50. The equilibrium point EO and the eigenvalues are functions of the
parameter B. Small changes in 8 may cause interesting modifications in the
qualitative behaviour of solutions of (3.1).

The eigenvalues of F‘(&O,B) are denoted by u1 and uz. Since F is real,
ul and u2 are ??th real or complex conjugated.

Let ¢ € R° be a solution of (3.1). The Zntegral curve of a solution
¢ (t) is the curve given by & = ¢(t) in the g-space with t as a parameter.
The direction of the curve is positive for increasing t. The behaviour of
the integral curve of ¢(t) in a neighbourhood of an equilibrium point EO
depends on the derivative F'(EO,B), especially on the eigenvalues ul and
u2 of this linear mapping.

3.1. TYPES OF EQUILIBRIUM POINTS

We make use of the following terminology for equilibrium points

(figure 1 gives integral curves in a neighbourhood of an equilibrium point).

Case a. Both eigenvalues My and u2 are real and have opposite sign. Then
the equilibrium point is called a saddle point. There are four exceptional

curves: S1 and S3 going into EO and 52 and S4 going out of 50. These curves

are called separatrices. They will play an important role in section 6.
Case b. Both eigenvalues u

and u. are real and have the same sign. If

1 2
uy < 0 (>0) then the equilibrium point is a stable (unstable) node.
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Case c. My =y If Re u, < 0 (>0) then the equilibrium point is a stable

(unstable) fbcis. A soluéion spirals into (out of) EO.
Case d. If there is a dense family of periodic solutions in a neighbourhood
of the equilibrium point, then this point is called a center. A necessary
condition for a center is My = 52 and Re u1 = 0. This condition is not
sufficient. If F(§,B) is nonlinear then the equilibrium point can be a
focus or a center if Re ul = 0. In section 4 an example is given where EO

is a center and in section 5 EO becomes a stable focus.

a. saddle point b. stable node

c. stable focus d. center
Figure 1

Note that if EO is an unstable equilibrium point then an integral

curve approaches 50 for t » -,

3.2. THE BIFURCATION THEOREMS OF FRIEDRICHS AND HOPF

To prove the existence of a branch of periodic solutions in the neigh-
bourhood of an equilibrium point EO we make use of a bifurcation theorem
of FRIEDRICHS [5]. This theorem is valid in a two-dimensional system. For
reasons of completeness we also give a bifurcation theorem of HOPF [6],

which is valid for higher dimensional systems and in addition gives in-
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formation about the stability of the periodic solutions.

Let us write EO(B) for the equilibrium point as a function of 8. Then
F(EO(B),B) = 0. As mentioned earlier, we are interested in the case that
vy and u, cross the imaginary axis for some value of B. We suppose that
this happens for B = 60. In both of the following theorems a parameter
€ € R is necessarily introduced because of the non-analytic dependence
of the family of periodic solutions on B at SO. For the proofs of the

theorems the reader is referred to the literature.

THEOREM 3.1. (FRIEDRICHS)
Suppose (3.1) has an equilibrium point £0(B) such that F'(EO(BO),BO) has

purely imaginary eigenvalues * iw_, g # 0. Suppose that the trace of the

0
matrix

d L}
(3.2) T (EO(B),B)
does not vanish at BO. Then there exist functions B(e) and P(e) of an ad-
ditional parameter e such that B(0) = Bor P(0) =P, = 2w/w0 and dB/de = O,
dp/de = 0 at € = 0, and further a function n(s,e) with period 12 in s,
assuming a prescribed value n(0,e) = b0 for s = 0, such that for suffi-

ciently small values of e the function

P

(3.3) g(t) = EO(B(E)) + En(ETET

t,e)

Zs a solution of the differential equation

[
at - F(g,B8(e)).
THEOREM 3.2. (HOPF)
Suppose (3.1), with £ « R® and F: R® x R + R", has an equilibrium point

go(s) such that F'(EO(BO),BO) has exactly two purely imaginary eigenvalues

ul(Bo) = imo, uz(Bo) = - iwo, W # 0. Suppose further
du; (8)
(3.4) Re -—EE——-# 0 at B = BO, i=1,2,

then there exists a function B(e), with B(0) = 60 and a set of real peri-
odic solutions & = E(t,e), £(t,0) = EO(BO), but &(t,e) # EO(B(e)) for all
sufficiently small ¢ # 0; B(e) and E(t,e) are analytic functions of e. The
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same is true for the period P(e) of &(t,e), and P(0) = 2ﬂ/w0.

The periodic solutions exist with sufficiently small B — 8o either
only for B > By or only for B < 8o (general case), or else only for B = Bo+
If for B > Q)aZZ etgenvalues of the equilibrium point 50(8) have negative
real parts (stability), then the following alternatives are valid in the
general case. Either the periodic solutions branch from the equilibrium
point after the latter has become unstable (B<BO) in which case the non—
trivial periodic solutions are stable, or else the branching family of
periodic solutions existed beforehand (8>8) in which case these periodic
solutions are unstable.

REMARK 3.3. The branching at SO from a stable equilibrium point for B > BO
to stable periodic solutions for B < BO is called supercritical branching,
while the opposite case, where nontrivial periodic solutions pre-exist

for B > BO, is called subcritical branching (cf. section IV. 5.1).

REMARK 3.4. The second part of theorem 3.2 is the analogue of theorem
IV.5.1. An equivalent theorem is proved by JOSEPH & SATTINGER [7] by means

of perturbation theory.

3.3. SOME REMARKS ABOUT INTEGRAL CURVES IN THE PLANE AND THE THEOREM OF
POINCARE-BENDIXSON

As noted in remark 2.8, in our case the uniqueness of a solution of
(3.1) is guaranteed. An important corollary of the uniqueness of a solu-
tion of the autonomous system (3.1) is that integral curves cannot intersect
each other.

In order to formulate the results in this subsection we introduce the
following concepts. Some of these concepts and results are not restricted
to the case of two dimensions. In these cases we suppose as in Hopf's
theorem £ ¢ R, F: R® x R+ R".

The positive or w-limit set w(¢) of an integral curve £ = ¢ (t) of
(3.1) is the set of points which are approached along & = ¢(t) with in-
creasing time. More precisely, q € w(¢), if there exists a sequence of real

numbers {tk}, t > o such that ¢(tk) > q as k » », Similarly a point g be-

k
longs to the negative limit set or a-limit set a(¢) if there is a sequence

of real numbers {tk}, t > -» as k > «» such that ¢(tk) > g as k > o,

k
If ¢(t) is an integral curve which appraoches to a periodic curve
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then that periodic curve is called the limit cycle of ¢(t).

A set K in E-space is called an Znvariant set of (3.1) if, for any
p in K with ¢(to) = p, the solution ¢(t) of (3.1) belongs to K for t in
(-»,»). A set K is called positively (negatively) invariant if ¢ (t) belongs
to K for t 2 tO (Sto).

Note that the integral curve of a periodic solution of (3.1) is an
invariant set. The domain bounded by this integral curve is an invariant
set too in the two-dimensional case.

The following theorem is given by HALE [4, chapter I, theorem 8.2.]

and is proved there with Brouwer's fixed point theorem.

THEOREM 3.5. If K 18 a positively invariant set of system (3.1) and K s
homeomorphic to the closed unit ball in R" , then there is at least one
equilibrium point of system (3.1) in K.

The remaining items apply to the two-dimensional case.

COROLLARY 3.6. The integral curve of a periodic solution of a two—dimen—

stonal system contains at least one equilibrium point in its interior.

We conclude this section with some important theorems about the
w - (and o-) limit sets of an integral curve § = ¢(t). (HALE [4, chapter II,
theorem 1.2 and 1.31])

THEOREM 3.7. (POINCAR]E:—BENDIXSON)

If £ = ¢(t) ¢ B is bounded for t > t  and the u-Llimit set of ¢ does not
contain an equilibrium point then either

(1) ¢(t) = w(d)

or

(ii) w(¢) <& the limit cycle of ¢.

In either case the w-limit set is a periodic orbit.

THEOREM 3.8. Let ¢ be an integral curve in a positively invariant subset

K inRz and suppose K has only a finite number of critical points. Then

one of the following is satisfied:

(1) w(d) Zs a critical point

(ii) w(¢) Zs a periodic orbit

(iii) w(¢) contains a finite number of critical points and a set of orbits
Yy with a(Yi) and w(yi) consisting of a critical point for each orbit
Yi-
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4. UNLIMITED ANTIBODY PRODUCTION (y=0)
In this section we discuss the qgualitative behaviour of the differen-

tial equations (2.6a,b) with y = 0. In order to facilitate the investiga-

. . 2 .
tion in the phase plane I%_ we change variables from t to s by putting

t dt
(4.1.) S = JO ——_——1+x(‘r)+y('[)

from which we obtain the equivalent equations

ag _
(4.2) v F (&)
where
x x{—x2—A2x+(a2—X2)y}
(4.3) £ = (y) F(E) = ).

‘y{Al—(al—Al)x+X1y}

Assuming that we can solve (4.2) for x(s) and y(s), it is then possible
to obtain solutions of (2.6a,b) in terms of the original independent vari-

able

S
t = J {1 + x(0) + y(0)} do.
0

Figure 2
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A phase plane investigation is useful in discussing (4.2), see figure
2. The equilibrium points are £ = 0 and £ = Ef, where the latter point is

the point of intersection of the two lines

(4.4) y=—2

The origin is a saddle point with the vertical axis (y20,x=0) as an out-
wardly directed separatrix (dy/ds>0, dx/ds=0) and the horizontal axis
(y=0,x20) as an inwardly directed separatrix (dx/ds<0, dy/ds=0).

Let us introduce the quantity

(4.5) R = a0, = alkz - azkl,
then
X oA, /R
271
(4.6) gf=(f)=( ), r#o.
%

2
Hence, the lines (4.4) will intersect in Iﬁ_ if and only if R > 0. If
R < 0, the direction field is as in figure 3. All integral curves tend to-
wards x = ©, y = . In this case the response is not sufficient to termi-

nate the proliferation of antigen.

v -

Figure 3
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We are interested in periodic solutions of (4.2). If R < 0 no period-
ic solutions will occur. So, henceforth we assume R > 0. Moreover we sup-
pose that (2.7) holds.

The stability character of the equilibrium point Ef depends on the

eigenvalues of F'(Ef), this matrix being given by

A, X (o,=A,)x
(4.7) prey = 2 F 2720E)
‘—(al-ll)yf Alyf

The eigenvalues of this matrix u1 and u2 are the solutions of

Alxz(az—al) . alalekz

(4.8) oo+ R R

= 0.

For periodic solutions uy and u, have to be complex conjugated and so we

assume that the discriminant of (4.8) is negative, yielding

2
(a, -0, ) A, A
(4.9) R> L+ 2 12

4a1a2

Because of u1 = 52

A A, (a,-a,)
_ 172%™ %
(4.10) Re ui = >R

and thus Ef is a focal point towards which the solutions converge if oy < oy

and from which they emanate if oy > a,.
If (4.9) is not satisfied, the two eigenvalues ui are real and of the

same sign. The point Ef is a node to which the solutions converge if o, > a

1 2
and from which they emerge if oy > oy Thus, irrespective of whether Ef is
a node or a focal point, it is attracting solutions if o, > oy and repelling
solutions if a1 > a2. In both cases, ind(F,Ef,O) = 1.

It will be shown that if

(4.11) a

[]
Q

2 (=20,

(4.2) has a set of periodic solutions around Ef. Note that for (4.11) the

condition R > O becomes

(4.12) o > Al + Az.
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In the case of (4.11) the solution of (4.2) can be explicitly found.
It is given by

(4.13) Cllexiy)® = ¥ A2,

where C is a constant of integration.

LEMMA 4.1. Let (4.11) and (4.12) be satisified. Then (4.2) has a set of

periodic solutions around Eee

PROOF. Consider the scalar function z:ZR2 -+ R given by (see (4.13))
z = x)\1 yx2(1+x+y)_a.

Then z(0,y) = z(x,0) = 0 and, owing to (4.12), z + 0 if x and/or y tend to
infinity; z has an absolute maximum in Ef and hence the equation z(x,y) = C

defines a periodic solution for all C satisfying
0<cC*=«< z(xf,yf).

This proves the lemma. [

So we can describe the bifurcation phenomenon in the neighbourhood of

in terms of the parameter al, with Oy A A (y=0) fixed, as follows.

Ef 1I 2'
Starting with a value of oy < a, all solutions starting in a certain neigh-
bourhood of Ef will go into Ef, and Ef is stable solution.

If o, = o,
hood of Ef. This is a case of vertical bifurcation (see figure 4).

then a family of periodic solutions occurs in a neighbour-

If oy > oy then any solution starting in a certain neighbourhood of

£_ will leave this neighbourhood and £_ is an unstable equilibrium point.
£ £ Eie

5 1
vy,

""‘f‘//f

Figure 4
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5. LIMITED ANTIBODY PRODUCTION (Y#0)

In the preceding section equations (2.6a,b) were considered with
Y = 0, that is, with no limits placed on the amount of antibody that can be
produced. In this section, the antibody production will be limited, by
choosing y > 0, by a value Ab = x/k £ 1/(yk). With vy # 0 we have after

using the transformation (4.1).

ag _
(5.1) G = F&),
where
x £, (x,y) x{ -2, (14x+y) +o,_y (1-yx) }
(5.2) £ = < ), F(E) = ( 1 } _ ( 2 2 )
v’ fz(x,y)’ ‘y{kl-(al—kl)x+)1y}

Note that f2 equals the corresponding component in (4.3). The equilibrium
points of (5.1) are O, Ef and Es where the latter points are the inter-

sections of (see figure 5)

X2(1+x) o, -A

(5.3) Y= and vy =
(u2 Az a2yx)

In this section we make the assumptions (cf. (2.7) and (4.12))

(5.4) o, > A a, > A

1 17 8 > Ayrag > A F Ay, ay > A+ A,

The first of (5.3) describes a curve with a vertical asymptote at
X = xa = (az—kz)/(u2y). If one starts from 0 < x < xa and y 2 0, it is im-

possible to reach values of x 2 xa.

v T
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The curves given by (5.3) may or may not intersect for x in the range
0 < x < xa. If they do not, the trajectories will be as in figure 6. There
will be unlimited antigen proliferation, and as t » « then x -> xa and y > .

In this section we are interested in periodic solutions of (5.1),
which can only occur if the curves in (5.3) intersect twice because there
must be an equilibrium point in the interior of their integral curve (cf.

corollary 3.6). Clearly for y > 0 and o, > Al + Az fixed, o, can be taken

large enough to make the curves in (5.3? intersect. In the éollowing we as-
sume that two intersections Ef and Es exist as in figure 5.

Then (5.1) defines a direction field that can be traced in the phase
plane as shown by the arrows. From figure 5 Ef is easily seen to be a focus,
center or node, while 0 and Es are saddle points. The same can be shown by
considering F'(ﬁs) and F'(gf).

In section 4 it was possible to take one of the model parameters
(a1 or a2) as bifurcation parameter because of the simple expression for
gf

in the bifurcation phenomena become easier if we introduce an additional

in terms of the parameters. In this section the mathematics involved

bifurcation parameter B in the following way.

ag _
(5.5) 3= = F(E,8)

2
where F: ZIR2 x R > R is given by

B, (x,y)
(5.6) F(gE,B) =
* f2(x,y)’

and f1 and f2 are given in (5.2).

An advantage of introducing the parameter B in this way is that the
equilibrium points remain fixed when B is varied.

The model given by (5.5) with B = 1 is the same as our original model
(5.1). We will show that periodic solutions in the neighbourhood of some
critical value BO will exist and moreover that periodic solutions will occur
in model (5.1). The value BO is a function of al, a2, kl, Az and y and can
pass the value BO = 1 by varying some of these parameters.

Form the character of the equilibrium points it follows that periodic

solutions can only branch from
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Computing the derivative of F(.,B) with respect to § at Ef yields

-Bkzxf—Bazyxfyf

-BA. x +Ba, (1-yx_)
(5.7) F'(E_,B) = ( 2e2 T
£ ~(a,-2,) A
171 ¥ 1Y

The eigenvalues ul and u2 are the solutions of the equation

2
(5.8) v+ by + Bxfyfc =0,
where
b= - lef + Bkzxf + BazYxfyf ’
c = - Xl(A2+azyyf) + (al—k1)(a2—kz-a27xf)

and c can be shown to be positive.
Hence the eigenvalues uy and u, are purely imaginary if b = 0. This

yields the bifurcation point

Ay
(5.9) B = 1 £

Y% T o vm o -

0 Azxf A, YXLYe

For B in the neighbourhood of SO the eigenvalues are complex conjugated.
In order to apply Friedrichs' bifurcation theorem (theorem 3.1) we

still have to check if the trace of

) <-A2xf—a2yxfyf -szf+a2(1-yxf))

. a_
(5.10) 3 F' (. (8), B)Is=eo o o

does not vanish. (Note that Ef does not depend on B.) On inspection this
condition is satisfied. R
Accordingly, there does indeed exist a continuous one-parameter family
of periodic solutions of (5.5) branching at BO from Ef in the case y > 0,
assuming that the curves in (5.3) intersect as in figure 5, as was asserted.
By the theorem of HOPF (theorem 3.2) our family of periodic solutions

is unique in a neighbourhood of Ef and exists on one side of BO only (if
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the bifurcation is not vertical). If B > Bo then b > 0 and Re By = Re u, <0
and so Ef is stable. If B < BO the equilibrium point §f is unstable.

There are two possibilities: supercritical and subcritical branching
(see figures 7 and 8 respectively) and we will make clear which of the

cases applies.

vyl t

u S
3 S Y
—_
P B
x-xf < //
Figure 7 Figure 8

PIMBLEY [3] proofs that Ef is stable at B = B.. His proof involves many

calculations and will not be given here. °

Because of the stability of Ef at B = BO subcritical branching is im-
possible. Namely, in the case of subcritical branching the periodic solu-
tions will be unstable and that would imply a discontinuity in the direc-
tion field of (5.5) at B = BO since we should then pass from unstable pe-
riodic solutions for B > BO through a stable constant solution at BO' and
then to an unstable constant solution Ef for B < SO' as B is decreased
through Bo. This discontinuity cannot exist at Bo since the right-hand sides
of (5.5) are continuous in B,x,y. Thus we have supercritical branching of
stable periodic solutions at Bo if Ef is stable at Bo.

The usual technique to determine on which side of the critical value
BO the bifurcated periodic solutions of equations like (5.5) are situated
is by means of the perturbation series for (5.5) (cf. PIMBLEY [2, (16)],
SATTINGER [6]. We write
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2 3
X = X + €X, tex +e x, + ...

y =y, + syo + €2y1 + €3y2 + ...
(5.11)
B =B+ ¢€B + 8282 + ...

2
P = + +
PO eP1 € P2 + ...

o
P(e)
€ is the additional parameter mentioned in Friedrichs' theorem 3.1. By

and substitute n = s into (5.5) as a new independent variable. Here

Friedrichs' theorem 81 = BE(O) = 0 and P1 = PS(O) = 0, and the functions
B(e) and P(e) can be assumed to be analytic. Thus expansions (5.11) con-
verge in some neighbourhood of € = 0. If 82 < 0, bifurcation would occur
for B < 60, i.e., supercritical in our case. On the other hand, if 82 >0
the bifurcation will be for B > Bo, i.e. subcritical.

The constants 62 and P, are found from the hierarchy equations for

2
(xz,yz), solved with the conditions x2(0) = x2(PO) =0, y2(0) = y2(PO) = 0.
To cite Pimbley:

"Very lengthy expressions result for B, and P, which afford no visual in-

sight regarding the sign of B,

Now we have seen that equation (5.5) yields periodic solutions for
B < Bo where BO is given by (5.9) as a function of the model parameters
Oy Oy Al’ Az and v; xf and yp are functions of Ogr Oy 11, Xz and y too.

For B > BO the equilibrium point is stable and in some neighbourhood
of Bo there are periodic solutions for B < BO.

Our original model (5.1) corresponds with model (5.5) with B = 1.

Thus for BO < 1, £_ is stable and there will occur periodic solutions if

£
oy a2, Al, 12, Y are varied such that BO<> 1.
Let us consider the inequalities BO > 1. From (5.9), these inequalities

correspond with

<
A¥e * oYXy - Ayye > 0.
Now we can proof
LEMMA 5.1. There exists a value a = a0 > a, such that BO <1ifa <o,

and By > 1 if e > -
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PROOF. Consider

(5.12) f(al) = lzxf +oovxey, - Alyf.

Substituting QY eYXe by means of the first of (5.3) yields
(5.13) f(al) = - kz + (az—lz-kl)yf

By inspection of figure 9, increasing oy results in decreasing Xe and
Yf.

Figure 9

So f(al) is a nonincreasing function of al (keeping az,kl,xz,y fixed).
Equations (5.3) yield

(5.14) Al[A2(1+xf+yf) - azyf(l-yxfﬂ + Az[—A1+(a1—A1)xf+A1yf] = 0.
If al =y, (5.14) results in

(5.15) Alyxfyf + Azxf - Alyf = 0.

From (5.15), (5.12) and (5.4)

(5.16) f(az) > 0.



V. BIFURCATION OF PERIODIC SOLUTIONS 125

A
If a1 -+ o, then xf -+ 0, yf - T and so
2 2
(az-k2—X1)A2 Alkz
Eep) > - @y T T < °
2 2 2 2

So the behaviour of f(al) will be as in figure 10.

1
f(al)
f(az) L - - -
1
1
%2 %10 4 =
_ >‘1A2~_________ e
a7y
Figure 10

Thus there exists a critical value %o such that f(alo) =0, f(al) >0

: s > .
if oy < %0 and f(al) < 0 if oy > 0" The correspondence of f(al) < 0 with
BO $ 1 completes the proof. [

COROLLARY 5.2. For ay Al, Az' Y fixed, there exists a value %0 such that

the equilibrium point £, is stable for @, < oy There will occur stable

periodic solutions in a neighbourhood of %0 for @ > oyg.
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6. SOME REMARKS ABOUT THE EXISTENCE OF PERIODIC SOLUTIONS

In sections 4 and 5 we have seen a family of periodic solutions
branching from an equilibrium point Ef. The following question arises read-
ily: have the models (4.2) and (5.1) more than one family of periodic so-
lutions? A

BELL [1] expects no other periodic solutions of (4.2) than those found
in section 4, and his hypothesis is strengthened by numerical experiments.
However, he is not able to prove that there are no other periodic solutions.

PIMBLEY [3] shows that for some value of B = B < BO the separatrices

51 and 52 in.figure 11 will join to form a closed separatrix as in figure 12.

Figure 11 Figure 12 Figure 13

Using a result of ANDRONOV [9, p.299] he proves the existence of a
family of periodic solutions branching from this closed separatrix. So his

branching diagram becomes as in figure 14.
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Figure 14

He thus has two continuous one-parameter families of periodic solutions for
(5.5). One bifurcates from the equilibrium point Ef at 80. The other one
bifurcates from a closed separatrix at B*. The amplitudes of the periodic
solutions with values of B in a neighbourhood of 80 are smaller than those
of the periodic solutions in a neighbourhood of B*.

A family of periodic solutions can be extended to a maximal family.

If no secondary bifurcation occurs this family terminates either in an equi-
librium point, or in a closed curve which contains at least one equilibrium

point. In our case such a curve has to be a closed separatrix. If the family
branching from Ef at BO can be extended to the closed separatrix at B* then

both families are identical.

Results concerning bifurcation from periodic solutions and closed
separatrices can be found in ANDRONOV [9]. The qualitative aspects of bi-
furcation from periodic solutions are similar to those obtained in chapter
IV, especially with respect to the (un)stability of the original and the bi-
furcated periodic solutions.

In search of periodic solutions of a differential equation we can make
some remarks. Generally, a periodic solution can be found as a limit cycle
of a solution. From the theorem of Poincaré-Bendixson (theorem 3.7) we know
that if we can find a ring-like region in R2, free from equilibrium points,
and if the vector field F is never directed outwardly (inwardly) on the
boundary of the region, we can say that there exists at least one stable

(unstable) limit-cycle ( = periodic solution) within that region.
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In the case of section 5 the separatrices S1 and 82 can be used for
dividing the plane. If they do not join to form a closed separatrix, there

are two possibilities: when the separatrix S, is followed backwards from Es'

either it will cross the vertical line x = x; and continue to still larger
x (cf. figure 11), or it will spiral around or into Ef (figure 13). If in
the case of figure 11 Ef is an unstable equilibrium point then at least one
stable limit-cycle exists. If in the case of figure 13 Ef is a stable equi-
librium point then there will be an unstable limit-cycle.

Finally we give a sufficient condition that no limit-cycles can exist.

FTHEOREM 6.1. (BENDIXSON's criterion)
If
of of
1 2
(6 .1) —B_X + _3;

has a fixed sign, then there are no limit-cycles, and even no simple closed
curve y made up of paths.

PROOF. The proof is immediate. Suppose a closed integral curve y exists

which is a solution of

dx _ dy _
(6.2) = f s-=°f

By the theorem of Gauss, if D is the region bounded by Yy, then

(3f1 3f2
(6.3) JJ \sx— + Ty—\’ dxdy = § (fldy—fzdx).

D Y

The left-hand side is # 0 on account of the fixed sign of the integrand,
the right-hand side vanishes on account of the differential equation (6.2).

This contradiction proves the theorem. [J

This theorem gives some information on the position of a limit-cycle,

if it exists. In the region D, bounded by the limit-cycle,

3f1 of

has to change sign.
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7. DISCUSSION

It has been seen that the equations for the struggle between antigen
and antibody populations admit a rich variety of solutions depending on the
model parameters, and it is tempting to compare such solutions with real
immune responses. In view of the simplified nature of the model such compar-
isons should be taken lightly.

From a biological point of view we are interested in solutions such
that the concentration of antigen remains bounded. In both models (4.2) and
(5.2) we have seen that in a neighboorhood of Ef the solutions spiral into
or away from Ef. This means that x( = kAb) and y( = kAg) oscillate in a
neighboorhood of xf and Ye- These oscillations can be damped (if Ef is
stable) or they can be of increasing amplitude (if gf is unstable).

In the model of section 4 we have seen that if a the rate of bound

11

antigen eliminating, is greater than a_, the rate of antibody production,

then there is a tendency for the osciliations to be of increasing amplitude.
During such oscillations, it is possible for the antigen to be eliminated
during an antigen minimum or for the host to be killed during antigen max-
imum. If on the other hand a1 < az,
a steady state will be reached in which antigen is present.

the oscillations will be damped and

In the model of section 5 there is the possibility of a limit cycle
which means that x and y have as a limit case oscillations with a fixed
amplitude. From a biological point of view this model is more realistic
than the one of section 4. First, since a limit on the antibody is natural.
In the second place, since for o, = a

1 2
a center. In this case, the qualitative behaviour of the solutions complete-

in the model of section 4 Ef will be

ly changes when the model is subjected to small perturbations. In section 5
stable limit cycles occur. This structure of solutions admits small pertur-
bations of the model in the sense that the qualitative behaviour of the so-
lutions will not change (cf. HALE [4, chapter V]; ANDRONOV [9] introduces
the term structural stability for systems that admit small perturbations

of the right-hand side of the differential equation).

Finally we make some remarks about a three-dimensional model recently
investigated by PIMBLEY [10]. This model differs from the previous models
in having a third population consisting of cells which produce antibodies
when stimulated by antigen, and therefore leads to a system of three ordi-
nary differential equations. This third order model is proposed as a bio-

ogically more realistic mathematical description of the process of the
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immune response than were the second order models. Indeed we know experi-

mentally that antibody is produced by cells which have been stimulated to

do so by antigen. Again an auxiliar parameter B is introduced and, using

Hopf's theorem, Pimbley proves the existence of a family of periodic so-

lutions branching from an equilibrium point Ef at Bo. With the third order

model it is most difficult to find values of the parameters such that BO

can be passed through unity and the direction of bifurcation, supercritical

or subcritical, is quite equivocal indeed.
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